THE LAPLACE TRANSFORM OF THE CUT-AND-JOIN EQUATION OF 
MARINO- VAFA FORMULA AND ITS APPLICATIONS 



SHENGMAO ZHU 

Abstract. By the same method introduced in [9], we calculate the Laplace transform of the 
celebrated cut-and-join equation of Marino- Vafa formula discovered by C. Liu, K. Liu and J. 
Zhou [T7]- Then, we study the applications of the polynomial identity (1) obtained in theorem 
1.1 of this paper. We show the proof Bouchard-Marino conjecture for C which was given by 
L. Chen [5] firstly. Subsequently, we will present how to obtain series Hodge integral identities 
from this polynomial identity (1). In particular, the main result in [5] is one of special case in 
such series of Hodge integral identities. At last, we give a explicit formula for the computation 
of Hodge integral (r i , i A g Ai}g where b L = (6i, ...,&;). 
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1. Introduction 

In a recent paper jS], Eynard, Mulase and Safnuk stated the Laplace transform of the cut-and- 
join equation satisfied by the partition function of Hurwitz numbers. They obtained a polynomial 
identity of linear Hodge integrals. As an application, they proved the Bouchard-Marino conjec- 
ture on Hurwitz numbers. Then, Mulase and Zhang [20J stated that this polynomial identity 
can also be used to derive the DVV equation and A 9 -integral with the same method introduced 

by ng. 
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In 2003, C. Liu, K. Liu and J. Zhou [T7] proved the celebrated Marino- Vafa conjecture [19J. 
The main step in their proof is to show the generating function of Hodge integral with triple A- 
classes C(X,p; r) satisfies the cut-and-join equation. Combining the cut-and-join restriction from 
combinatorial side formula [21], they finished the proof of Marino- Vafa formula. Moreover, the 
famous ELSV [7J formula for Hurwitz numbers is a large framing limit of Marino- Vafa formula 

With the above motivations, we calculate the Laplace transform of the cut-and-join equation 
for Marino- Vafa's case in the first part of this paper. The main result is 

Theorem 1.1. For g > 1 and I > 1, we have the following equation: 
(I) 



~ (r 2 + r) 1 - 2 £ ((I - l)(2r + l)(r bL F g (r)) g + (r 2 + r)(r bL ~r s (r)0 * bL (t L ; r) 
b L >o v ' 1 J 

fd 1 \ 

- (r 2 + r) 1 - 1 (r bL r g (r)) g £ ^Uk; r) + — — * 6i+1 (t i ;r) % LX{i} (t L \ {l y,r) 

b L >0 i=l v 1 J 

_|_ T y-2 

= ^rr\ — Y Y ^ T bL\ {l , ]} T g( T ))g^b LX{lj} (t L \{i,j};r) 

b L \{i,j}>0 

(tj - l)(t 2 r + ti)^ a+ i(ti- t) - (U - l)(i 2 r + tj^a+iitf, t) 

t% tj 

( r 2 + T y-i 1 . 
+ ~ ^^Y Y {(r 2 + r)(T ai T a2 T bLXU} T g ^(r)) g . 1 



i=l ai>0 
a 2 >0 
b L \{i}>0 



stable 

^ {T ai T bx T gi (T)) gi {T a2 T bj T g2 (T)) g2 



\ 



J] y an+ i{tf, r)* 6iX{i} (t L \ {l} ; t) 



91+92=9 

X U J=L\{i} ) 



n=l 



Where L = {1, 2, .., /} is an index set, and for any subset I C L, we denote 

ti = (£;)ie/,&J = € I},T bl = JJr 6i ,* 6l (i/,r) = ]J 4f bi (ti, r) 

and T g (r) = A^(1)A^(-t - l)A^(r), # n (i;r) = ( ^gffi±^ |)" (^) /or n > 0. I%e to* 

summation in the formula is taken over all partitions of g and disjoint subsets X]J J = L subject 
to the stability condition 2gi — 1 + |X| > and 2g2 — 1 + \ J\ > 0. 

We remark that theorem 1.1 is equivalent to the symmetrized cut-and-joint equation of 
Marino- Vafa formula obtained by L. Chen [1]. We will present this equivalence in appendix 
B. 

In [3], V. Bouchard and M. Marino proposed a conjecture for the calculation of topological 
string amplitudes of the toric three fold C 3 based on the recent work [5j.(We will call this 
conjecture as Bouchard-Marino conjecture for C 3 . The Bourchard-Mariho conjecture for Hurwitz 
number proved in [9] is the large framing limit of it). We calculate in section 4 that, the 
topological relation in Bouchard-Marino conjecture for C 3 is equivalent to the following identity 
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of Hodge integral 

(2) {r 2 + r) l - 1 Y J {n I V 9 {r)) g di> bL {t L -,r) 



b L >0 



= -(t 2 + t) 1 2 J2 Yl < r a^ £ s { i,, } r J ,(r)) J ,Pa(*i,^;r)<fti<ft < d*6 iN{lii} (t A{ i, i} ;r) 
+ i^ + T) 1 ' 1 ((r 2 + r)(r ai T a2 T 6zjUl} r g _ 1 (r)) g _ 1 



ai,a2>0 
&L\{1} 



stable 



\ 



( T ai T fe7 r 9i(' r ))9i,|/|+l( r a2 r fcj r 92( T ))g2,|J|+l 



91+92=9 



Poi,o 2 (*i; r )^i rf *6 £ \{i}(*x\{i}; T ) 



/ 



On the other hand, thanks to the Marino- Vafa formula, the topological amplitudes of C 3 is 
completely determined by the relation (1) in theorem 1.1. In section 4, we will illustrate that 
the identity (2) is implied in (1). Therefore, the Bouchard-Marino conjecture for C 3 holds. 

Furthermore, we use the result of theorem 1.1 to obtain some Hodge integral identities. Indeed, 
^b(t,r) can be written as 



*b(t;r) = J2 



k=0 



(r + 1)6+1 



and VP£(f), < k < b could be computed from the recursion relation they defined on. 

At first, we consider the expansion of r at oo. Taking the highest level of formula (1), we get 



Corollary 1.2. 



£ (n L A^l)) [ [2g - 2 + l)^(t L ) + ]>> 2 - ti)^^)*^^) 



b L >0 



1=1 



2^ 2^ ^^\{ i ,i} A flC 1 ))ff*6 £ 



l<i<j<Z a>0 

f>L\{*,j}>0 



5 i\{i,i} 



ti tj 



1 ' 

+ £ £ 



stable 



(Ta 1 Ta 2 r bLX{ . } A^_ 1 (l)} g - 1 + (r 0l t 6i (1)) 9l (r a2 r bi7 A^ 2 (1)) S2 



j=l ai>0 i 
a 2 >0 \ 



b L \{i}>0 



91+92=9 
IUj r =L\{i} 



/ 



,12 + 1 



We show in section 5 that ^f b (t) is equal to £ b (t) which is defined by £&(t) = ((i 3 — t 2 )^) b (t — 1) 
in formula (1.2) in [9]. Hence, the main theorem 1.1 in [13] is a special case of formula (1) in this 
paper. Taking the sub- highest level of theorem 1.1, we also get another Hodge integral identity 
corollary 5.2 in section 5. Unfortunately, this identity does not contain any new information. 

Next, we consider the expansion of r at r = 0. In this case, the lowest level of formula (1) is 
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Corollary 1.3. 



Y^{n L \ g ) g ^ bL {t L ) = j^ l J2 ( r a^ X{i , j} A s ) s *g A{ .. } (i iUiij} ) 

, L >0 l<i<j<l a>0 

&L\{M}>° 



t{ tj 

We can rederive the A 9 -integral [13] from Corollary 1.3. 
We also pick up the sub- lowest level of formula (1) and have 

Corollary 1.4. 

E^w(-(i^i + i)<(tz)+E*i(*i)< N oj(*Aw) 

b L >0 \ 3=1 

+ E - t4^(*i)*" M{1} (%}) + E E w)y<(^ 

6 L >0 i=l 4 6 L >0 d=g-l 

= 2_> \ T ^\{i,^ A 9/9 W b£\ {i J}^ i U i j}^ 

l<i<j<l a>0 % 3 

b L \{i,j}>0 

(tj ~ % Qj£+igi) + (*j ~ I&M{m}I - a - 3 gg+iM ] 

+ 2^ Ki-^VsL^^'^MNy}) 

l<i<j<l a>0 r^ij * J 

+ 2_> 2^ \ T ° T ^\{i,i} 2_> p ^ A ))^b A{l , J} (iA{ij}) 

l<i<i<i «>0 d=s— 1 * 3 

b L\{iJ}>0 
^ £ stable 

+ 2^ E E ( T ai T blV) 9 i(^ 2 r 6j A 9 J 92 ^ 1+1 (t0^a 2+ l(ti)^ AW (tL\ W ) 

i=l ai>0 91+32=9 

Q2>0 |X|u|J'|=L\{i} 
6 £ \{i}>0 

wfcere ES-i W = AV(l)oi(A) and oi(A) = El=i ™A 9 _ m A s - (-l^A^-l^. 

The above identity contains Hodge integral of type (r^ X]d=g-i Pd{X)) g . By some direct 
calculations, 

P fl _i(A) = A fl _i, P g (X) = g\ g , P g+ i(X) = -X g X 1: ■■■ , P 3g - 3 (X) = (-l)» +1 A ff A fl _ a A ff _ 2 
As an application of corollary 1.4, we get the following Hodge integral recursion. 

Theorem 1.5. If Yli=\^i = 2<? — 4 + /, there exists a constant C(g,l,bi, ..,6;) related to 
g, I, bi, .., bi, such that 

(n L X g X 1 )g = j (ni+bi-m^jyXgX^g -^y^x ' + C(g, I, h, .., b t ) 
where C(g,l,b\, .., &j) is a very verbose combinatoric constant which is given at Appendix B. 
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The initial value fag-zXgXi) g = ^[g(2g — 3)b g + bxb g -i] has been computed by Y. Li [15] . 
Thus, by the recursion formula in theorem 1.5, we can compute out all the Hodge integral of 
type (Tb L X g Xi)g. In fact, the Hodge integrals (Tb L Pd(\)) g appeared in Corollary 1.4 could also 
be calculated via the same method. But the computation will be more complicated. 

Acknowledgements. The author would like to thank his advisor Kefeng Liu's encourage- 
ment, valuable discussions, and bringing the paper [9] to his attention. 



2. The Laplace Transform of Marino- Vafa Formula 
At first, we introduce some notations followed by [17j . Let 

AV( t ) = t°-\ 1 t°- 1 + ... + (-iy\g 

be the Chern polynomial of E v , the dual of the Hodge bundle. For a partition /u given by 

Ml > M2 > • • • > Vl(n) > °' 
let M = ES Mi and T g (r) = A^(1)A^(-t - l)A^(r), define 

C It) ~ - Mr + l)f^ ft ^Oiir + a) f T g (r) 

The Deligne-Mumford stack M 9t i is defined as the moduli space of stable curves satisfying 
the stability condition 2g — 2 + 1 > 0. For the unstable cases (g, I) = (0, 1) and (0, 2), we define 



Thus 



I _J_ = 1_ 
Jmo.i 1 - M*0 M 2 

/ 1 = 

Jm 02 C 1 _ MlV'lH 1 - ^2^2) M1 + M2 



Lo,d( T J = -v— 1 -j; a 

t a! 



v^T^ 2 r + l ' n^oVjr + a) 1 

\Aut(m,fl 2 )\ T Ai yUj! M1+M2 



C 0,(f*i,Aia)( r ) 

i=l 



The Marino- Vafa formula proved in |17j gives a direct combinatorial formula associated to 
representation of symmetric groups for the generation function of C Sj «(t). But we don't go 
further to this formula here. 

Through a direct calculation, we have 

i=l,..,J(/i) 

Let Cg(fi)T) = \Aut(fj,)\Cg tl j,(T), the Laplace transform of Cg jAt (r) is defined by, 



/ v —1 



where we have let I = 
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In order to simplify the above expression of laplace transform, we introduce some new vari- 
ables. Consider the framed Lambert curve x = y(l — y) T , and the coordinate change x = e~ w . 
By Lagrange inversion theorem, L. Chen [ij got, 



. rfe-2 



fc>i 

Now we introduce the variable t by, 



n£o(*T + a)jk 
k\ 



j. i I 1 + r V- nq = o(^ + a) ^ 

r ^ fc! 

fe>l 



*-i,„„ 



and 

rfc-l/ 



fc>l 



which is a polynomial with top degree 2n + 1 in variable t via the recursion relation 

# n+1 (t; r) = (t 2 - t) ^±1 - $ n (t; r) 
r + 1 at 



for n > and \I>o(*;t) - r+J • 

Now, the laplace transform of C 9iAt (r) can be written in t variable, 

(4) = £ J i+ | l ,| C g (M;r)e-^ Ml+ - + w««) 



Kr + l))'- 1 J] (n^r s (r)) s n^^;r) 



6i>0 i=l i=l 
i=l,..,J 

3. The Laplace Transform of The Cut-and-join Equation of Marino- Vafa 

Formula 

Let us introduce formal variables p = (pi, ..,p n , ..), and define 

= p Ml • • • PiQt) 
for a partition \x. Define generating functions 

ti,l(jj)=l 



C(A,p;r)=^g(A,p;r) 



9>0 
1>1 



In 2003, C. Liu, K. Liu and J. Zhou [17] proved that C(X,p;r) satisfies the cut-and-join 
equation 



dC . v dC .. d 2 C .. dC 

For every choice of <? > 1 and a partition /i, the coefficient of p fl \ 29 ~ 2+l ^ is 
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(5) 



d_ ( C 9 (ii;t) \ _ or , \ C 9 {^t) 



i<j 
I 



( 



EE"/ 3 



C 9 _i(/i(a,i;r)) 



+ E 



C 9l (^i;r) C 92 (^ 2 ;r) 



\Aut(ji(a,i))\ " 9i ^ =g l-W(H) 
L]>2=m(<v) 



/ 



Let us first calculate the Laplace transform of the cut-and-join equation for the I = 1 case 
which includes Proposition 3.3 in [9] as its special case. 

Proposition 3.1. For g > 1, the Laplace transform of the cut-and-join equation for the I = 1 
case is: 

E<^r 9 (T)) g ^(t; r) - ^{r k r 9 (r)) 9 ( ^ b (t; r) + -L_4> b+1 (t; r)) 
b>0 b>0 ^ ' 



- E 



(r(r + l))(r ai r 02 r g _i(r)) s _i - ^ (Ta i r si (r)) Sl (r a2 r g2 (r)) 



92 



V 



91+92=3 

91 >0 

92 >0 



* ai+ i(t;r)* a2+ i(t;r) 



Proof. The cut-and-join equation for / = 1 case is 



(6) 



dr 



E <*( 



C g -i((g,^);r) 
|A«t((a,/3))| 



+ Yl C gi (a-r)C g2 (f3;r)) 

91+92=9 / 



Then, the Laplace transform of the LHS of (6) is 
(7) 



d " dt 



dr ' dr dt 
The Laplace transform of the stable part of RHS of (6) is 

^(r(r + l)) E ( T a 1 r a2 T g _ l (T)) g -i^ ai+ i{t;r)if a2+1 (t;T) 



ai,a2>0 



5 E <^ r ^)> 

gi( T a 2 r g 2 { T )) 92^ ai+l(*; r ) ^(12 + 1 r ) 



91+92=9 
9l>0 
92 >0 



The unstable term is Co(a; r)C g (/3; r) + C ff (a; t)Cq(/3; r). Because 



-d+i 1 ria=o( rfr + Q ) JL 

T d\ d 2 



C 0,d( T ) 



It's Laplace transform Cq(w]t) = Yl,d>i ~ ~T=d+rCo,d{ T ) e w satisfies: 

d^ C ° {w]T) = 7T~l = l-(r + l)y 
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It is easy to calculate ^ = prrr+^ ^j hence, Cq(w; t) = —ln(l — y). Moreover, remember that 
the framed Lambert curve is y(l — y) T = x, where y depends on r. Taking derivation of r, we 
have the identity, 

Therefore, the unstable part of RHS of (6) is 

(8) Tr y(l-y) 7+1 dt C ^ T) = + 

where we have used t = 1 _^ + ^ y - we also have 

Hence, move the unstable part to left hand side, by (7), (8) and (9), we get 

( d t 2 -t d\ ~ , s 

^- + ^- T ^-jC fl>1 (t;r) = stable part 

which is just the Proposition 3.1. □ 

For the general case of Z, we need to introduce two lemmas first. 
Lemma 3.2. When (g,l) = (0,2), we have the following Laplace transformation formula: 
C 02 ( Wl , W2 ;r) = - y L±l 1 n^o 1 (*r + a) flS (Pj + a) & _ aWi _^ 

= _ Zn fvuzvA _ T (Zn(1 _ ) + ln{1 _ m)) 

\x 1 -x 2 J 

Proof. By definition, 



T 2+a+/3 I 
a,0>l V — 1 



T + l 1 Ua=0 (« r + O) Ilf =0 (/ ?T + «) „-a«,i -/3«, 2 



r a + B a! /3! 



-e e 



Thus 



(dw^ + C " ' 2 ( tt,1 ' ti;2;r ) = ~ r ( r + l)*o(ti;r)*o(*2;r) 



( i -| \ 2/12/2 

= -t(t + 1)- 



Because, 



(l-(r + l)y 1 )(l-(r + l)y 2 ) 



d _ d _ (l-y)y d 



dw dx 1 — (r + l)y dy 
Then, it is easy to get 

C , 2 (wi,w 2 ;t) = -In ( — — — ] - r (Zn(l - yi) + Zn(l - y 2 )) 
\X\ — x 2 J 



□ 
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Lemma 3.3. 



V 1 ni=t) /3) \{a + P)T + a) +1 . pw . 

L> t (a + /3)\ { P) 

= - ^a+l(U; t) ^— ^a+lfe; t) - ^ a +l(U, t) - *a+lfe; T ) 



37 2 ""^J? 



Proof. This calculation is the same as formula (3.15) showed in paper [9]. 
Let n = a + f3 and u = /3, then 

^ r (a + p)l 1 +Pj 

q,/3>0 V M/ 



y- 1 112=0 ( ar + a ) a a+i c - aWl _ y- l ltj(^ + a) yfi f », 

a>l /3>1 



E E 7 V M a+1 e~ (/J -^ )wi - * a+1 (^;r) - ^ a+1 (t r ,r) 

j M ^a+l(Ei,^J - M/ a +l(tj,Tj 

' ' -*o+i(*i; r) ^ — ^ a+ i(tj; r) - # a +i(*i; r) - ^a+ifo; r) 



Now we give our main result in this paper. 
Theorem 3.4. For g > 1 and I > 1, we have the following equation: 

(10) - (r 2 + r) 1 - 2 (i l ~ *)(^ + l)<^r,(r)) p + (r 2 + T )(r 6i ^r 9 (r)) 9 ) * 6i (i L ; r) 

^ ( d 1 \ 

- (r 2 + r)'- 1 ^ (r 6L r 9 (r)) 9 ^ ( ^K(U;r) + — — # 6 ,+ife r) 1 (t A{i} ; 

b L >0 i=l ^ 1 ' 

/ r 2_|_ r y-2 

~ 1 "3 — E E ( T o r 6i\{i 1 i} r s( T ))s*^\{i,i}(^\{i,i}; r ) 



T + _ 

l<i<j<2 a>0 

&L\{i,j}>0 

(tj - l)(t?r + ti)^ a+ i(ti;r) - - l)(t 2 r + t J )^ a+1 (t j ; r) 

+ - — ^^E E (( T2 + r )( r «i^2^ xw r 9 -i(T)) 9 -i 

t=l ai>0 
a 2 >0 
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stable 

E ( T ain i r gi { T ))gi( T a2 T bjTg 2 {T))g 2 
31+92=3 

X U J=L\{i} ) 



H^a n +i(U;r)^ bLX{ . } (t L \ {i y,T) 



n=l 



Proof. The Laplace transform of LHS of equation (5) is 

1 d 



(11) V - — C (ir T ) e -(^i+-+wm) 



new 



= ^ C 9A*ii -,ti;T) 

1 dt- d d 

1=1 * 



The Laplace transform of stable geometry in the cut-term of RHS of (5) is 

/ 

" \, . I!: ~) 

M eN' V" 1 i=l a+P=Hi 



+ ^ C fll (^;r)C fl2 (^;r))e-^- 1+ - + ^) 

91+92=3 

fl U^2=M( a :«) 

2 fl i-2+|i/i|>0 
2( 7 2-2+|^ 2 |>0 

= (T ' + 2 T)l 1 E E ((^ + ^)(^i^2T bA{fc} r,-i(r)) 9 _ 1 

i=l ai>0 
a 2 >0 
&£\{fc}>° 

2 

E ( r ai r 6i r 3i( T ))9i( T a2 T 6j r 32( T ))32) II *"n+l (*L\« ! 7") 

91+92=9 n=l 

X]J.7={l.-,vO 
2 S i-l+|Z|>0 
292-l+|J|>0 

The unstable geometry in the cut-term of RHS has two terms for / > 2. 



^ = v^E E ^ • fr; ' / + rr ; \ -w^) 

2 f^ib.,. l^(w)l 



rr _^ =I V- V n,^V^ C0( ^' a;r) ' , ' :ri . ^i/',.,-^- , , 

U2 ~ 2 ^ ^ P ^ 1 \Aid-.t,,., n,\\ ' \A„i(„,A\ + \ Aid-.! n, •. . ' U °^' T ^ 



i=l a+/3=[Mi j^i 



y\Aut(fj,j,a)\ \Aut(p,.j)\ \Aut(fi-j,a)\ 



As we have calculated in the proof of proposition 3.1, the Laplace transform of U\ is 

(13) E^(r+l)|;^(ti,..,ti;r) 

j=i 1 
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Moving the formula (13) to left hand side, it will cancel the first term of formula (11), i.e. 

d4) (ii) -(i3)= (^ + gf^|)4^,.,^;r) 

= -(r 2 + t) 1 - 2 £ ((I - l)(2r + l)(r bL r g (r)) g + (r 2 + r)(r bL -^T g (r)) g ) <H bL (t L - r) 
b L >o V ar j 

~ (r 2 + r) 1 - 1 £ (n L r g (r)) g £ r) + — — * bi+1 (^; r) (t A{i} ; r) 

6r>0 1=1 V * 7 



6z,>0 

The Laplace transform of U2 equals to 
(15) 



/—rl+M 

= - EE E o^^ ^^"'^""" 6 "" 1 

i=l j^i Mj>1 V 1 
a>l 



/3>0 
Mfe>0 



EE 

i=i j^i 



_d_ 
dw 



\ 



\ 



-C ,2(wi,w r ,T)(T 2 + T) 1 2 £ <t J] r 6fc r fl (T)) fl * a+1 (^;r) J] ^(^r 



i=l j^i 



EE ~('+ 



1 - (r + l)y» Xj - x 



a>0 fc^ij 
b k >0,k^i,j 



+ 



■(t 2 + t) 1 - 2 < r « II Tfc t r fl (r)) fl * 0+ i(t i; r) [J ^ fc (t fe ;r) 

a>0 fc^ij M»>J 

b k >0,k^=i,j 

= (r 2 + rr 2 E (ran^W) 5 n^(^ T )(^T^+i(*^) 

b k >0,k^i,j 



3? ^ 37 j 



* a+ i(^;r)- 



2/i - %■ 1 - (r + l)yj 



y» - % 1 - (r + !)%• 



where we have used the lemma 3.3. 

At last, we need to calculate the Laplace transform of join term in RHS. It's Laplace transform 

is 



(16) 
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= + x)'- 2 EE E <™ 1 „ u ,r.(r». n 7 n "°'?T +a) ^ e ' E 



H\{i,j}>0 



(r 2 + r y2 (^AW} r ff( T ))ff*^ {ili} (tA{ij}; T )(^^*^i(*<; T ) 

l<i<j<2 a>0 

6 £\{i,j}>0 

# a+ i ; r) - $o+i fa r) - $o+i (tj ; r) ) 



Combining (15) and (16), we get 

(17) (10) + (ll) = - (T2 T +r f 2 E E (^ V{i ,, } r ff (T)) ff * 6A{ .. } (t A0)i} ;r) 

l<i<j<l a>0 

&L\{i,j}>0 

(tj ~ l)(ttT + ti)* a+1 {ti;T) - {tj - l){t 2 jT + t j )j> a+1 {tf,T) 

i 3 

Collecting the remainder equations (12), (14) and (17), we obtain the equation (10) of theorem 
3.4. □ 

4. Application I: Proof of the Bouchard-Marino conjecture for C 3 

Motivated by Eynard and his collaborators' series works on Matrix model [12|. [TP] |8j [TT] , 
Bourchard, Klemm, Marino and Pasquetti propose a new approach to compute the topological 
string amplitudes for local Calabi-Yau manifolds [2]. Based on such proposal, Bouchard and 
Marino calculated the string amplitude for toric three fold C 3 [3] . In this section, we will follow 
the work of [9] and [5] to illustrate that Bouchard-Marho's approach is implied by theorem 1.1. 

Following the work of [9], in subsection 4.1, we illustrate Bourchard-Mariho's proposal of 
calculation the string amplitude of C 3 ( which is also called Bouchard-Marino conjecture for C 3 
). By some residue computations, we obtain a equivalent description of Bourchard-Marho's 
approach in subsection 4.2. The calculation in subsections 4.3 and 4.4 to prove the Bouchard- 
Marino conjecture for C 3 is firstly done by L. Chen [5] 

4.1. Bouchard-Marino conjecture for C 3 . Here we consider the spectral curve 

(18) C:y(l-y) T = x 
and the variable t = — ? 1 1 1N . 

l-(r+l)j/ 

It is easy to see that, variables x,y,t have the relations that 

d (l-y)y d /t(t-l)(tr + l)\ d 

x- — 



dx 1 - (r + l)y dy \ r + 1 J dt 
We defined in section 2 that, 

,. (tiT) _..'<(*- !>(*■ + in 



r + 1 J dt J r + 1 

for n > 0. 

In the following state, we need to introduce the differential, 

V n (t;T) = d$(t;T) 
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which can be formulated in variables x, y as 

(19) *„ (! ,;W (T + 1W 9(1 -»> <iW ' +I 



y(l-y) \l-(r + l)ydyj (r + 1)(1 - (r + l)y) 

(20) *„(*; r) = - V OS^I + q) fe^+l^fc-l^ 

r ' fc! 

fc>l 

respectively. 

In [3], in order to formulate their conjecture, Bourchard and Marino introduce 

1 ' 

( 21 ) W 9 (x 1 ,..,x l -r)= £ ^,mW|X^EII<5 

H,l(ji)=l 1 Wl ^eS ; i=l 

where W 9 ^{t) = - y, +l C g ^{r). 
By (3), (19), (20) and (21), we have 

W g ( Xl , .., xf, T )dx x ■ ■ ■ dx x = (-iy +l (T 2 + t) 1 - 1 £ (n L r g (T)) g * bL (y L ; r) 

b L >0 

Definition 4.1. Let us call the symmetric polynomial differential form 

d%,,(ti, .., U; t) = -(r(r + I))'" 1 £ (^(r))^ (t r ; r) 

6 L >0 

on C l the Marino- Vafa differential of type (g,l). 
Thus 

.., xf, r)dx x ■ ■ ■ dx t = (-l) 9+l - l d & C g ^ r) 
i = T^T+I)^' ^ then follows that y = fir^m • Substituting to the spectral curve (18), we have 
t ~T {^t^Y ( r+ i)r+i = x. Let s(t) be the solution of function equation 

t-1 ftT + l\ T s(t) - 1 fs(t)r+ IV 



(22) . . . 

From (22), we have 

It is clear that the spectral curve C : y(l — y) T = x has only one ramification point of the 
x-projection, which we denote by v. It is given by y(y) = ^jrp Then, we can find two points q 
and q on the curve such that x(q) = x(q) near the ramification point v. Let us write 

y{i) = ~7~r - z , y(<i) = —rr ~ p ( z ) 

t + 1 r + 1 

with 

P( z ) = _ z + 0( z 2) 

From functional equation y(q)(l — y(q)) T = (1 — y{q)) T , we can solve exact -P(-z) as a power 
series in z, 

„, , 2(-l + r 2 ) 2 4(-l + r 2 ) 2 3 2(1 + t) 3 (-22 + 57t-57t 2 + 22t 3 ) 4 

P(z) = -z -z A = — — — 5 -z 4 H 

V 7 3r 9r 2 135r 3 

Note that -P(z) is an involution P{P(z)) = z. 
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In terms of the t-coordinate, the involution P(z) corresponds to s(t) in (22). We have, 



(24) 



It follows that 



t(q) 

m 



l-(r + l)y(g) 
1 



1 1 

T + 1Z ~ 
1 1 



1 - (r + l)y(g) r + 1 



(r + l)ctt 



(r + l)ds(t) 



dx 



(t 2 -t)(tT + l) s(t) 2 ( S {t) - 1) X 

Using the coordinate t of spectral curve C, the Bergman kernel is defined by 

dt\dt 2 



B{h,t 2 ) 



(h - t 2 ) 



Define a 1-form on C by, 

1/1 

dE(q,q;t 2 ) = - J B(-,t 2 ) = - 



dU 



t 2 s(ti)-t2, 

where the integral is taken with respect to the first variable of B(t\,t 2 ) along any path from q 
to q. The natural holomorphic symplectic form on C x C is given by $7 = dln(l — y) A ln{x). 
Again, let us introduce another 1-form on the curve C by, 

dx 
x 



oj{q, q) = I* n(-, x) = (ln(l - y{q)) - ln(l - y{q))) 
J a 



1 dx 
= -(lny(q) - lny(q)) — 

T X 



1 



= -[In | 1 - - 



1 



In 1 



1 

W) 



(r + 1) 



dt 



t 2 -t (tr + 1) 



The kernel operator is defined as the quotient 

dE{q,q,t 2 ) t (*(ti)-ti)(*?-*i)(tiT + l) 



K(h,t 2 ;T) = 



dU 



v(q,q) ~ 2(t + 1) (h - t 2 )(s(h) - t 2 ){ln(l - £) - ln(l - ^)) dh 
It is clear that K(s(ti), t 2 ; r) = K(ti,t 2 ;T). 

Definition 4.2. The topological recursion formula is an inductive mechanism of defining a 
symmetric /-form W g> i(ti, .., t\; r) on C' for /) subject to 2g — 2 + I > by 



^ +1 (t ,iL;r) = [K(t,t ;r)(W g _ 1J+2 (t,s(t),t L ;T)+ 
i 

E t A{i} )B(5(t), ti) + ^,,( S (t),t A(i}i r)B(t, U)) 

i=l 

stable \ 

+ E ^ lim+1 (t,t x ;r)^ 2im+1 ( S (0,^;T) 
gi+g2=g,Z<JJ=L J _ 

where t/ = (U)i^i for a subset I C L, and the last sum is taken over all partitions of g and 
disjoint decompositions I\\J = L subject to the stability condition 2gi — 1 + |ij > and 
2g 2 — 1 + | J | > 0. The integration is taken with respect to dt on the contour 700, which is a 
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positively oriented loop in the complex i-plane of large radius such that \t\ > max (| to |, s(to)) for 

* e 7oo- 

Remark 4.3. The original topological recursion formula for W g j(ti, .., tj; r) was formulated by 
taken the residue at z = [3J. But here, for simplicity, we have changed the coordinate from z 
to t by t = f T +i\ z ■ Hence, we get the contour integral in definition 4.2. 

Now, we can formulate the Bouchard-Marino conjecture for C 3 . 

Conjecture 4.4. For every g and I subject to the stability condition 2g — 2 + l > 0, the topological 
recursion formula with the initial condition 



(25) 



W 0l3 (*i, *2, k; t) = d® 3 Cb, 3 (ti, t 2 , h; r) 



(r + 1) 



dt\dt2dt3 



W lt i(ti]r) = -dC hl (h;T) = — ((l + T + T 2 )* (t i; r)-T(T + l)*i(ii;T)) 



gu>es the Marino- Vafa differential with a signature. 

(26) W gtl (h, .., U; r) = (-iy+ l - 1 d^ l C g>l (t 1 , .., t r ,r) 

4.2. Residue calculation. In this subsection, we calculate the residues(contour integrals) ap- 
pearing definition 4.2. In fact, we have to calculate the following two types of residues: 
i)R a)b (t;r) = -^J 7oo K(l/,t-T)y a (t'-,T)* b (s(t'y,T) 

n)R n (t, U\ r)=-i Fi § loo K(t', t; r) (* n (i'; r)B(s(t'),U) + tf n (s(f); r)B(t', U)) 
We need one lemma first, 

Lemma 4.5. In the z-coordinate, the kernel K (t' (z) , t; r) has the expansion, 
K -- 



t 1 , (r-1) 3tH 2 + 2r(l - r)t - 4r 

z - ^ tttt H — -r 1 z 



2(r + l) 3 



2(r + l) 2 



+ 



r - r 2 2 r 2 - 2t + 1 (r + 1) 



-f + 



t + 



6(r + l) 
z 2 H ) eft 



1 



6 9 18 7 / 

In particular, the coefficients of z in above expansion are polynomials oft. 

Proof. Substituting t' = and s{t') = ( T+ l )s(z) 



obtain lemma 4.5. 
Definition 4.6. For a laurent series Xmez "*™' we denote 



l) s(z ) to K(t',t;r) and calculate directly, we 

□ 



^2a n f 



n>0 



Now, we have two theorems for the calculation of R a ^{t; r) and R n (t, if, r). 
Theorem 4.7. 

R a ,b(t; t) = i t ; r )* (^ ; r)* 6 (s(0; r) 

2m hoc 



T 
2 



1 



^(l-l)-^(l-ife) 



* a (t; r)*n-i («(*); r ) + *a+i(a(t); r)* 6 (t; r) 
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Proof. We note that, in term of the original z-coordinate of [3], the residue R a ^{t;r) is the 
coefficient of z^ 1 in K(t', t; r)^ a (t'; T)^iy(s(t'); r), after expanding it in the Laurent series in z. 
^ n (t'; T ) is a polynomial in t' = ^qrjy^, thus the contribution to the z~ 1 term in the expression 
is a polynomial in t by lemma 4.5. Hence R a ,b(ti T ) is a polynomial in t. 

Let us write \P n (i'; r) = / n (i'; r)di'. Let j e be a positively oriented loop, such that function 

(27) (t' 2 -t')(t'r) + l / (tU(t /, r)/6(s(t ' ); r) 



has no singularity on and outside loop 7 e . On the compact set 7 e we have a bound M e , 

(t' 2 -t'){t'r) + l 



^(1-f)-^(!-4o 
Choose |i| » 1. Then, 



s'(0/a(t';r)/ 6 (KO;T) |<M e 



1 I T f 1 1 \ (t' 2 -t')(t'T + 1) /, v,,,/v v,/i, 

1 ' * s'(t')f a (t';T)f b (s(t');T)dt' \dt 



2ni J 7e 2(r + 1) Vt'-t / n (l-l)-/n(l-^ 

< — t TV -; t-tt \ at at ^ - — ; —rr^at 

Thus, we have 



- / t; r)* a (t'; r)* 6 (s(0; r) = / t; r)tf (t'; r)* 6 ( S (t'); r) + 0(t" 

-/ if(*' ) i;r)* a (t';T)*6(a(t');r) 



-/ tf(^t;r)tf (t';r)*6(*(*V) 

r I ( \ 1 \ (t ,2 -t')(^ + l) 



4(r + l)vri J 7oo _ 7e Vf - t " */ /n (l - ± ) - Zn (l - ^ 

2(- + l)/n(l-I)-/n(l-4 7T 
r ( 8 (t)"- a (t))( a (t)T + l) 
2(r+1) ^(l-l)-^(l-ife 



f a (s{t);r)Mt;r)dt 



U ' l]i ' T 1 ' 1 s '(t) (/ a (t; r)/ b ( S (i); r) + fa(s(t);r)f b {t; r)) dt 



2(T + 1) ^(l-|)-^( 1 -^) 
r 1 



2 Zn(l _i)_j n ( 1 __i y 



□ 

Similarly, with the same proof as showed above, we have 
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Theorem 4.8. 

R n (t, t i;r) = -^-.(f K(t', t; r) (*„(*'; r)B(s(t'),U) + * n (s(t');T)B(t'; U)) 

— r)B(s(t), U) + V n+ i(s(ty,T)B(t, uj) 

ln(l-\)-ln (l-^J V 7 



Let us define polynomials P a ,b(t'-, T ) an d P n (t, ^;t) by 



(28) P a ,b{t\r)dt 



r(r + l) 



+* a+ i(s(t);r)* fe+1 (t;r 



^ a+ i(t;r)* 6+1 (s(t);r) 



(t 2 -t)(tr + l). 



3_ f*n+i(t; r)5(a(t)> fc) + *„+i(s(t); r)£(t, 

1-^ -Zn(l--L) V 7 



(29) 

P n (t,t i - 1 T)dtdt i = -t 

With the above notations, the Bourchard-Mariho conjecture for C 3 is equivalent to 
(30) 

(r 2 + ry-! J2(r bL r g (T)) g di> bL (t L ;T) 

b L >0 

i 

= -(r 2 + r) l - 2 Y, ( r a^ iUlii} r fl (r)) fl P (ti,* i ;r)d*idt i d* 6j . N{li . } (t A{lii} ;r) 



i=2 o,6 



+ J] (T^ + Tf- 1 ((r 2 + r)(r ai r a2 r 6M{1} r 9 _ 1 (r)) 9 _ 1 



oi,a2>0 
b L \{l} 

stable 



\ 



^ ( r ai r fe7 r Si( T ))9i,|/|+l( r a2U j r 92 (r)) 92i |j| + i 



gi+92=g 
x\JJ=L\{i} 



Pa\,a2 

(ti;r)dtid* 6i \{i}(t L \{i};r) 



/ 



4.3. Calculation in new variable v. Now, let us introduce a new variable v by x = e 

.l.,2 



e a 11 . As y(l - y) T = x and i = 1 _ (r 1 +1 ^ , we have 

i - 1 



-(r+l)y 
t-1 



1 



(r + l)V V (r + l)t 



e 2 V 



Thus 



= -2 (l - ^ + r/n ^1 + + rZn(r) - (r + l)Zn(r + 1) 
= 2 (E ^ (W + ^i) ^ + + » + !) " ^) j 
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Solving the above functional equation, 



(3D «=i(y^F + |> (T) ?) 

fc>i w / 



Taking the inverse of (31), we have 

(33) ^"(^ + EM^j 

^ +£<*«(-„)*) 

fc>i / 



and 

(34) Jrv 



«(*) I V r + 



Lemma 4.9. Zei 



2 \ \ tr J V S (0 T 

and define r) n+ i(v,T) = — ^-^Vn(v;T) when n > — 1, i/ien 

Vn(v, t) = - r) - *„(s(t); r)) 

Moreover, there exists formal series F n (w; r) suc/i ifoai ?? n (^; r) = ^n(t; r) + F n (w; r) 
Proof. Let $_i(i;r) = — Zn (^^) be the solution of differential equation 

(tr + - t) d - „ , - t-1 



r + 1 **- (4;T) " *»" !T) r + 1 



then 



By definition, 

^ d rf _ 1 d _ (fr + l)(t 2 -t) ti _ (8(t)r + l)(s(t) 2 -g(t)) d 

dx dw v dv r + 1 dt r + 1 ds(t) 

Therefore 

»M(«;r) = g (*n(*;r) -*(«(*); r)) 

Moreover, 

(36) »/_i(t;;r)-*-i(t;r) 
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= -i(*_i(t;r) + *_i( S (t);r; 
' ln(l + —)+ln(l + 



tr J V 

1 (y, (-I)"" 1 1/1 1 

2 n r™ V t ra s(t) r 
yn>l 

By (33) and (34), we note that right hand side of (36) is a series of variable w = \v 2 , we write 
it as F-i(w;t). (36) is equivalent to 

t]-i(v;t) = *_i(t;r) + F_i(w;r) 

Let us define 



(37) F„(^;r)= I-—) F_i( W ;r) 

then, we have 

7] n (v; t) = * n (t; r) + F n (iu; r) 



□ 



Corollary 4.10. 

P a , b (t;r)dt = -- ^ rj^y-r) vdv \v=v(t) J + 

Proof. By (23) and (28), we have 

\— ~ 1 7 (*a+i(«;r)* 6+ i(s(t);r) + * 0+ i(a(t);r)*i H .i(t;r)) ,. 2 ^t^l n 

2 ^(l + ^)-^(l + 4)) (t 2 -t)(tr + l) 

= 1 (r + l)dt / (^ a+ i(t;r) - j> a+ i{s(t); r)){^ b+1 (t; r) - fr 6+1 (sO);r)) 

" 2 ?? _ 1 (t;;r)(t 2 -t)(tr+l) ^ 4 

Qga+ifo r) + 4> a+ Mt); r))Ql fc+1 (t; r) + * b+l {s{t); t)) \ 

4 J 
(r] a +i(v,T)r] b+1 (v,T) - F a+1 (w,T)F b+1 (w,T)) 



Noticing that 

'F a+ i(w; T)F b+1 (w; r)vdv 



\v=v(t) I - 

we complete the proof. □ 

4.4. Proof of the Bouchard-Marino conjecture for C 3 . In the proof of the theorem 3.4, 
we know that LHS of (10) is equal to 

^C 9 ,i(h, t 2 , tj; r) - |^( T + ^^AKii, t 2 , .., tj; t) 
i=i 

= frCgmM, -,ti\ v + ~frd^ c 9' l ( VuV2 > " Vl > T >~1^ 9f *< ( r + '~dtf 9 ' 2l " tl] T > 

i=l 1 i=l * 
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Recall the following relationship of x, y, t, v. 



x = e * v ,y(l - y) T = x,t 



1 



1 - (r + l)y 



Thus 



dvi =Q dy _ y(l - y)ln{\ - y) (t 2 - t)(tr + 1) d _ Id 
dr ' dr y(r + 1) — 1 ' r + 1 dt v dv 

After some simple calculation, 

d ^ ( 1 d \ 

LHS of (10) = Q^Cg^hM, -,ti;r) + HI ~ Vi) I J C 9 ,i(h,t 2 , .., t t ; r) 

1=1 ^ % 1 ' 

The direct image of a function f(v) on C via the projection tt : C — »■ C is: 

**f = f(v) + /(-«) 

Thus, 

MAm(*i> t 2 , .., tj; r)) = -(r 2 + r)^ 1 (r feL r 9 (r)) 9 (* bl (ti; r) + * 6l (a(ti); r)) * 6 \ { i } (i L \{i}; r) 



6 L >0 



By the definition of F b {w; r), 



9 



7r * ( ^r^fl,K*i)*2, i\ 



9^ 



d_ 



i^ + r) 1 - 1 ^(n L r g (T)) g F bl (wv,T)i> bLX{1} (t L \ {1} ) 

b L >0 



is regular in We will use 0(u>i) to denote some function regular in w\. 
Consider the direct sum 



tt* i^y n {\-yi) C g: i{h,t2,..,ti;T) 



when i = I, 

7T* ( Zn(l - yi) 



Cg,l(h,t2, -,ti;T] 



= -(r 2 + ry- 1 ^(r bL r g (r)) g [in (^^) ("^) - **>i;t)) 



s(ii)r + 1 



1 d 



(r + l)s(ti) / \ i)i dvi 



+ In 



hT + 1 

(r + l)ii 



s(ti)r + l 



-^61(^1; r) 



*6\{1}(*6\{1}) 
s (h)T + 1 

+ iM*i) 

*6\{1}(*6\{1}) 



%i(-yi;T) 



,(r + l) S (ti), 

= + t)^ 1 (^r fl (r)) ff 2r/_i(ui; r)^ 1+ i(«i; r)£ 6jA{1} (t A{1} ; r) + 
6 L >0 
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and it is easy to see that 

1 d 



vr* ( ^Zn(l - yi) ( - 

\i=2 \ 



v\ dv-\ 



Cgjih^.^T) =0(Wl) 



Thus 



7r*(LHS of (10)) = (r 2 + t) 1 - 1 (r^r^r))^^!^^)^^!^!^)^^!!}^!!}^) + 0( Wl ) 

b L >0 

(r'+r) 1 - 1 Y,(n L r g (r)) g d^ bL (t L ;r) 

b L >0 

= (t 2 + t) 1 - 1 J2( TbL r g (T)) g dv 1 -^- (* 6l (ti;r)) dtf 6jA{ i } (* A{ i } ;r) 

= (-v 1 dv 1 )d 2 ---d l (r 2 +r)'- 1 ^( Tbi r 9 (r))J ( %1 r) - F 6l r)) tf 6jA{ i } (t L \ { i } ) 



2?7_i('Ui;r) 



1 —rd 2 ---d l \ {t 2 + t) 1 1 J2(n L r g {T)) g 2v-i(vi;T) (v bl +i(vi;T) - F bl { Wl -,T))\ if bL \ {1} (t L \ {1} ) 



b L >0 



2 V ^k) d2 "' dl ^* (LHS ° f (10)) " 2 ^i(^m>i; ^)(t 2 + r) 1 ' 1 £ K W> 9 ^ L \ {1} (i A{1} ) 
-C(wi)) 

It is important to note that 

-vidv\0{w\) 

l«i=«i(*i) y + 

and 

(-vid«iF bl+1 (u;i;r)|„ 1=;!;i(tl) ) + = 

Thus, 

(38) (t^ + t)'- 1 X)<^r g (r)) g ^fa;r)= (- ^ cfa ■ ■ • * (tt*(LHS of (10) ) ) 

Then we need to calculate ( 2t? ~ i(vi*t) ^ 2 ' ' ' ^M^UU^iCti)) 
Let us write T\ =Tu + T12, where 

Tll = — (vTTT 2 ( r «\\ { i J } r f( r ^%{i J }fe\{i>i}; T ) 

2<j<« a>0 

&£\{l,j}>0 

(tj - l)(tfr + ti)^ a+ i(ti;r) - (h - l)(t 2 jT + t j )* a+1 (t j ;T) 

*1 ~ t 3 

Tl2 = ( T+ l) Yl E ( r ^ A{l , 3 } r 9( T ))9^ A{lij} (tL\{M};T) 

2<i<i<« a>0 

6z,\{i,j}>0 
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(tj - l)(tfr + ^)* a+ i(^;r) - (U - l)(t 2 r + tj)i> a+1 (tj- r) 



^2 



By the definition, 

(39) ^_^_^ ri2k=Bi(ti) ^ = o 

we have that 

(4Q) dj f (*j " l)(*?r + t 1 )i> a+1 (t 1 ;T)\ 



2? ? _ 1 (t. 1 ;r) \ *i - t 



j 



1 / (r + l)dti (t 3 -l)(qT + h) ~ 

d 3 772 j. \ / j. _ i r\ 1 1 *a+l(*l 



2»7_i(ui;r) J V (*i " + 1) *i " *j 

r + 1 ^ 0+ i(ti;r)dtirftj 
2»7_i(ui;r) (ti - tj) 2 
r + 1 



2?7_i(vi;t 



■*a+i(*i;r)B(ti,^;T) 



Similarly, 



Ul) -vidvi d ( (tj - l)(s(h) 2 T + s(h))* a+1 (s(h); T) 

1 ' 2v-i(vi;t) 3 \ 8(h) -tj 

= 2j 1 (^!;r) ^ +l(g(tl);T)i?(g(tl) ' tj;r) 
Moreover, by the expansion, 

h-l , -(ti)-l _^(t k j , , *} , t) 

we have 



ti - + a (to - U tk i +1 s ^ k s ^ k+1 



(42) U,_ l( , i; r) l^ + ^TFr-) 1 — <*>) "° 



+ 



Therefore 



(43) ( 2^i^7) d2 ---^ Ti| ^=^^)) by (39) 



^-^^(fc.-.d^Tnl^^ by (40), (41), (42) 
= (r 2 + r) l - 2 Y J E ( r a 7 * i \ { i, J -} r »( r ))» d *^\ { i J -}( t A{iJ}; r ) 

2<j</ a>0 

/ ga+iftij T)B(h,tj) + ^ 0+i (a(ti); r)B(s(ti), tj) \ 
^ 2r / _ 1 ( Ul ;r) " k=M*i)J + 

= -(r 2 + r)'- 2 ^ (^ A{1J . } r fl (r)) p d* 6iU1> . } (t LUl>J - } ;r) 

2<i<« a>0 
6 i-\{i,J> 
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( frg+l(*i; T)B( S {h), tj) + frg+l(s(*l); T)B(t!, tj) \ 

= -{ t 2 + t) 1 - 2 ( r a r ^\{i, J } r 9( r ))9 p «+i( t i'^; r )*i dt i^L\{i J }fe\{ij}; r ) 

2<j<l a>0 

b L\{U} 

Finally, we need to calculate ( ^g^ cfe • • • ^vr*(T 2 + T 3 )\ Vl=Vl ( tl) ) 
Because 

— vid^i / - - \ 

2?? i(^-r) (* a i+ 1 ( ti;T )* a a+ 1 (' i;T ) + *«i+i( s (*i); T)*tta+i(*(*i); r )) k=»i(ti) 

= ( o — V ) dV ] x (2r? ai+ i(wi;T)r ?a2+ i(ui;T) +2F ai+ i(wi;r)F a2+ i(u;i;r)) | Wl=Wl ( tl ) 
= 2P ai , aa (ti;r)cft 1 

In the last "=", we have used Corollary 4.10 and ^fgffi 1 ^ =t>1 ) = °- 

We have 
(44) 



( 27? _^ 1 T ) d 2---rff7r*(T2 + r 3 )|„ 1= „ l(fl) ^ = (r 2 + r) ; 1 ((r 2 + r)(r ai r 02 n A{i} r s _i(r)) s _i 



ai>0 
a 2 >0 
6i\{i}>0 



X] ( T ai T bi r 9i ( r ) ) 91 ( r a 2 r 6 ^ r 92 ( T ) ) 92 
91+92=9 

X[JJ=L\{i} ) 



P 



ai,a 2 (*i;7")^1^6 A{1} (*L\{l}; r ) 



Hence, by equations (38), (43), (44) and (10), we have proved the identity (30), i.e the 
Bouchard-Marino conjecture for C 3 case. 

Remark 4.11. At the same time as L. Chen published his proof [5], J. Zhou also proved the 
Bouchard-Marino conjecture for C 3 [22]. He formulated this new recursion relation of conjec- 
ture and equation (1) of theorem 1.1 in the coordinate v. Then, he regarded equation (1) as 
meromorphic functions in v±, taking the principal parts and only the even powers in v\ would 
get the recursion relation for this conjecture. J. Zhou has also applied his method to formulate 
and prove this new recursion relation for topological vertex |23j based on the work |16j . 



5. Application II: Derivation of Some Hodge integral identities 

In this section, we will use the main theorem 1.1 to obtain some Hodge integral identities. 

5.1. Preliminary calculations. For convenience, let us recall the formula (1) in theorem 1.1 
at first: for g > 1 and I > 1, Then, 

(45) 

LHS : = -(r 2 + r) l ~ 2 £ ((I - l)(2r + lX^I^r)), + (r 2 + r)(r bL ^T B {r)) g ) % L (t L ; r) 
b L >o v 1 ' / 
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I 



6r>0 1=1 ^ * ' 



?>L>0 

= Ti + T 2 + T 3 
where 

(r 2 +r)'- 2 



T l := E E ( r « 7 *A{«} r 9( r ))9* b A{«}( ti \{iJ}; r ) 



l<i<j<l a>0 

l>L\{i,j}>0 

(tj - l)(tfr + i^a+ife r) - (tj - l)(t 2 r + ij^a+ifo; r) 



j=l ai>0 n=l 
a 2 >0 

&lA{i>>° 

/ r 2 + T y-i i 2 
T 3 := g E E E ( r ai r fci r 9i( T ))<yi( T a2^ r <y2( r ))92 II *«n+i(*»; r )^L\ W r ) 

i=l ai>0 Si+92=S n=l 
«2>0 l[]J=i\{«} 

*>z,\{i} 2 S i-l+|X|>0 
2<?2-l+|J1>0 

^ ;T)= r + l - It) (r + l) 



r fl (r)=AY(l)A^(-r-l)Aif(T) 



and 

Let us denote the r expansion of ^ n (t;r) and r s (r) as follow 



(46) ^(^) = E(7^ I? TT^W 



and 

(47) r 9 (r) = J> 9 v (l)a m (A)r m 

m=0 

By the definition of K y g {t) = £f =0 (-l) 9_: ' X g-j tj and Mumford's relation A^(t)A^(-t) 
(— l) 9 t 2g , we can compute out the coefficients a m (X) in (47). For example, 

(48) a 2g (X) = {-l) 9 ,a 2g -i(X) = {-l) 9 g,--- 



ai(A) = E ™A 9 _ m A s - (-l)f A s _iA^(-l) 



171=1 



a (A) = (-l)nX(-l) 



We also need to show the expansion form of (46) and how to calculate the coefficients ^(t). 
By definition ^b+i{t, r) = (t 2 - Jr*6(y, t), *o(*,t) = fei, we have the expansion form 
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(46). Moreover, we have 

(49) * k b+l (t) = (t 3 - t^lHt) + (t 2 - t)~* k b (t), k = 0, .., b+ 1 

Therefore, through the recursion formula (49), all the *& b (t) can be calculated. 

As an illustration, we calculate some cases which will be used in the following discussion. 

(so) *Si(*) = (* 8 -« a )^*S(t) 

(51) * b b+1 (t) = (t 3 - t 2 )j t <-\t) + (t 2 - t)j*m 

(52) *l +1 (t) = (t 3 - t 2 )j*l(t) + (t 2 - t)j*\(t) 

(53) < 1 (t) = (t 2 -t)|<(t) 

It is clear that, the recursion relation for ^\[t) in (50) is just same for the definition of £t(i) 
in [9], and they share the same initial, thus 

(54) ®J(t) = Lit) 
By (50), we write ^ b b (t) as 

26+1 

(55) ¥g(t)= Yl AM)*' 

i=6+l 

then all the f b (b,i) could be calculated from the recursion (50). But we can explicitly write 
down f b (b, 26 + 1) = (26 — 1)!!, f b (b, 6 + 1) = (— l) b 6! which are the coefficients used in the proof 
of DVV equation and X g integral respectively [201 1^1 • 
We can also let 

2b 

(56) ^1(^ = ^/^1(6,^ 



then by (51) we have 
(57) 

f\b + l,k) = (k- 2)f b - l (b, k — 2) — (k — l)f b -\b, k - 1) + (k - l)f b (b, k — 1) — kf b (b, k) 
Thus, all f b (b + 1, k) can be calculated from (57). For example, 

f b (b + 1, 26 + 2) = 2bf b -\b, 26) + (26 + l)/ 6 (6, 26 + 1) = 2bf b ~ 1 (b, 26) + (26 + 1)!! 

Hence 

(») /»(^) = E (2t -^ +1) " 

fc=0 v '" 

Similarly, 

f b (b +1,6+1) = -6/ fe+1 (6, 6) - (6 + l)/ 6 (6, 6 + 1) = -6/ b (6, 6) + (-l) fe+1 (6 + 1)! 

Thus 

(59) f b -Hb,b) = (-l) bi ^-^ 
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On the other side, from (53), we can let 

6+1 

«g(*) = EA6,0y < 
i=i 

Then 

f(b + l,i) = (i-l)f°(b,i-l)-if°(b,i) 

Thus, 

(60) /°(6,6 + l) = 6! 
Then, from (52), we can let 

6+2 

(61) *l(t) = Y,f 1 (bJW 

3=2 

and 

f\b + 1, k) = (k - 2)/°(6, k -2) - {k- l)/°(6, fc - 1) + (fe - l)/ 1 ^, fe — 1) — fc/ 1 ^, fe) 
Thus 

(62) + 1,6 + 3) = (6+ l)/°(6, 6 + 1) + (b + 2)/ 1 (6, & + 2) 
by initial value, f l {l, 3) = 1 and f°(b, b + 1) = 6!, we get 

6+1 

(63) / 1 (6,6 + 2) = (6 + l)!^-. 

fc=2 

Now, let us substitute (46) and (47) to (45), we have 

(64) LHS = -J2 E EfoX(lWW>«*£(fc) 

6 L >0 0<fe i <6 L m=0 

(Z - 2 + m + |fc L | - |ft L |) r fel+*+m-l + (/ _ 1 + m + | fcL |) r |fc £ |+f+m-2 

X (r + 1)1^1+2 

29 ' ft |6 L |+m+Z-2 

E E E W% E^ 2 - , T t ^,6,1+2 

6 z ,>0 0<fc L <6 z ,m=0 i=l 1 \ ^~ J 

( 65 ) T * = - E EE E ^^\o,> A , v ( 1 ) a -( A )) 5 <u:;S^\{^j}) 

l<i<j<l a>0 m=0 0<fc<a+l 

6i\{ij}>0 0<fe I ,\ {iij} <6 iX{iij} 

^ (tj - ljgg+jfe) ~ (tj ~ ljggj+igj) T \kL\ {i j } \+k+l+m-l 

U-tj ~~ ~ (r + l)l b £\{^'}l+ a + 3 

" E E E E (ran^K^^^pIA^}) 

l<i<j<l a>0 m=0 0<fc<a+l 

6L\{i,j}>0 0<k L \ {tij} <b L \ {iJ} 

(tj - l)t^ k a+1 (t t ) - (U - l)t^ k a+1 (t 3 ) T \k L \ {ilj} \+k + l+m-2 

U-tj (r + l)l 6 M{«}l+°+ 3 
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I 2( ff -l) 

2 



(«) ^E EE E 

A fl v _ 1 (l)a m (A)) fl _ 1 

i} 

T \k L \{ i T s \+n 1 +n 2 +l+m 



i=l ai>0 m=0 0<rti<ai+l 
a 2 >0 0<n 2 <a 2 +l 

6 z,\{i}^° 0<fcz,\{O- 6i \W 



x^ 1 (^n%i(^^;;;fa\ W ) (r+1)ai+a2+ | fcAW i +3 

(67) r s = -^X; J] E E E (r ai r bl A^(l)a„ tl (A)) 9l 

i=l ai>0 91+92=9 0<mi<2gi 0<ni<ai+l 
a 2 >0 XUj=L\{j} 0<m 2 <2g 2 0<n 2 <a 2 + l 
2gi-l+|X|>0 0<fc i{l} <fe iX{i} 
2g 2 -l+|J|>0 

|fe i \ {i }|+ni+rt 2 +«+mi+m 2 -l 

x ^^^(^^(A)^^^)^^)^^) - - 1)ai+Q2+|fcA{t}|+4 

Where we have used the notation = Yl\=i i n above formulas. We note that (64), (65), 
(66) and (67) are all the functions of r. If we expand them as the series of r at different points, 
we will get some identities of Hodge integrals after recollecting the coefficients of r at both sides 
of (64) = (65) + (66) + (67). 

5.2. Expansion of r at oo. For b > 0, expanding at r = oo, 

FTi7 = E V/> 

for example, the term containing r in (35), 

T \k L \+l+m-i /_ |& L |_2 



E 



(T + 1) M + 2 h 



l+m-3+\k L \-\b L \-h 



After this expansion, it is easy to see that the largest degree of r is 2g + I — 3 in the formulas 
(64), (65), (66), (67). If F(t,r) G Q[*][[r]], we will use the notation [r fe ]F(t,r) to mean the 
coefficient of r fe in F(t,r). By a>2 g = (— l) 9 in (48) , after some calculations, 



(68) 



d 



[T 2 9+ i-s ]LHS = ( _ 1} 9+i £ ( r6iA v ( i)) ( 2ff - 2 + Z)^(t L ) + - 

6 L >0 V i=l / 



(69) [r^- 3 ]r 1 = (-ir £ £ (^^ X{i , } A 9 v (i))9<;;i;;;fe\ { ^ } ) 

t>L\{i,j}>0 

(70) 



[r 2^- 3]T2 = ^ ^ (^^^^^a^^i))^^-^^^^:}^)^;;:;^^) 



i=l ai>0 
a 2 >0 



28 

(71) 
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[r 29+l - 3 ]T 3 = (-l)^ 11 - £ E E (^ 1 r6 I A g v 1 (l)) fll (r a2 r^A^ 2 (l)) S2 f[ »SS(*i)<^ (t AW) 



i=l ai>0 91+92=9 
a 2 >0 ZU.7=L\{i} 

b L\{i}^° 



n=l 



As showed in formula (54), ^(i) = £(>(i), we have got the following corollary from (68) 
(69) + (70) + (71), 

Corollary 5.1. 

(72) 

E ^ A 9 (!)> - 2 + o&ife) + E^ 2 " ^)^4(^)l6 AW (*A«)l 



E E ^ r ^\ {l , J} A 9( 1 ))^A{ !J } 



l<i<j<l a>0 

bL\{i,j}>° 



t{ tj 



1 ' 

+ ^E E 



stable 



\ 



A 9-i( 1 )).-i+ E 

( r aiT6x A 9i ( T a 2 T bj ^g 2 (l))p2 



i=l ai>0 

a 2 >0 \ 
f>L\{*}>0 



91+92=9 
XU7=L\{i} 



X 6ai+l(^)fa 2 +l(*0&£\« (*A{»>) 

which is just the main theorem 1.1 showed in paper [9j. Formula (72) has been applied by 
many people to derive DVV equation [6j [20], A 9 -conjecture [U [20] and A s _i Hodge integral 
recursion [24J. 

Obviously, in this procedure, we can obtain a series of such corollaries. For example, calcu- 
lating out the coefficients of T 2g+l ~ A by a2 9 = (— l) 9 , <Z2 S -i(A) = (— l) 9 g in (48) we have 

(73) 



-2g+l-4 



}LHS 



= (-iy +1 (2g - 3 + E (nA V g (l)) g [(9 - 1 - + E 

b L >0 1=1 

+ E foXWMD*? - *o A ( (5 _ _ 2)^(t,) + ^j;- 1 ^)) (<™(t AW ) 

b L >0 i=l 1 

+E*r i («<;;:s( t A(«>)] 



(74) [r 2 ^- 4 m = (-ir e E (^ AW} ^(i)>,<^(t A{u} ) 

l<i<j<l a>0 

l>L\{i,j}>0 

Xtj - 1)^^+1 + (5 - a - |& A{m - } | - 3 + i)^l(ti)] 



( 
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(U - i^m+Atj) + (g-a- \b L \ m \ - 3 + , 
T^T- } 

(75) 

[r 29+l ~ 4 ]T 2 = (-l) 9+1 \ E E (T ai T a2 T bLW} A^il))^ - ai -a 2 - \b L \ {iJ} \ - 4) 

i=l ai>0 
a 2 >0 
bL\{i}>0 

■ KtiMKXfa) + *s +1 (*i)*sfl(**) + nfl(**)«s + i(*i)]*S5!;j (*a«) 

i=l ai>0 jr'^j 
a 2 >0 

*>zA{i}>° 

(76) 

[r 29+/ - 4 ]T 3 

1 £ stable 

= ("!r 9 E E E <^zA£(l)> 5l <T a2 T b X 2 (l)U( 5 - ai - a 2 - |6 A{M }I - 4) 



i=l ai>0 9i+92=3 
a 2 >0 XUj=L\{i} 



1 / stable 

+ (- 1 ) s+1 2 -E E E (^^(l))^ 

i=l ai>0 91+92=9 
a 2 >0 ZU7=L\{i} 

(^^A s ;(i))92c: +i (to^:i(toE<r 1 ^)<u:-!( t A{M}^ 

Thus, by (73) = (74) + (75) + (76), we get a Hodge integral identity. However, unfortunately, 
the only Hodge integral contained in this identity is (t^ A^ (1)) s because only the terms 029(A) = 
(— I) 9 and a2 S -i(A) = (— l) 9 g was involved in the above calculation which contains no more new 
information. 

In order to get the Hodge integral identity with more than one A-class, we need to compare 
the coefficients of t 29+1 ~ 5 with the same procedure, we will arrive at a Hodge integral identity 

which involves (r^A^l)), and (r^A^l)^),, because a 2ff - 2 (A) = (-1)- - Ai) . 

From such Hodge integral identity, we can calculate all the Hodge integral of type {Tb L \k\i) g , 
k = 1, ..,g. However, more terms will appear in the calculation of coefficients of t 29+1 ~ 5 which 
make the computation very complicated, so far, we have not written down the explicit formula 
to calculate the Hodge integral of type (t^A^Ai)^ But when k = g, in the following subsection 
5.4, we will give an explicit formula for (Tb L X g Xi)g. 

5.3. Expansion of r at 0. Now, let us consider the expansion of at r = 0, we have 



(r + l) b ^ 



30 SHENGMAO ZHU 

After this expansion, it is easy to show that the lowest degree of r in (64) is / — 2. In fact, by 
oo(A) = (-l) 9 X g A^{-l) show in (48) and A^(1)A^(-1) = (-1) 9 , we have 

(77) [r l - 2 ]LHS = -(/ - 1) £ (n L \ g ) g *° bL (t L ) 

b L >0 

(78) 

I T ] T 1 = - 2^ 1^ ^L\ { ^ X 9) 9 ^b L ^ } ^L\{i,j}) — 

l<i<j<l a>0 % 3 

b L \{i,j}>0 

(79) [t 1 - 2 ]T 2 = [t 1 - 2 ]T 3 = 
Thus, we get 

Corollary 5.2. 

(80) E< r ^>A(^) = [3T E E < r «^ {w} \r>p*6 iN{w} (*L\ { «}) 

b L \{i,j}>0 

Here, we introduce two notations. Let g(x±,..,xi) = Yli k >o a %\i-2.--n x% \ " ' x }' e ••) £z]> 

Fd(g(xi,--- ,x{)) = E 



ft . . . fY* • B • ^T* 



£fc=l *fe= 



and 



[xi 1 ■■■xf]g(x 1 ,--- ,xi) = 



Now, let us use these two operator to corollary 5.2. By (60), we have 
F 2g _ 3+2l (LHS of (80)) = (I - 1) E (^A) ff 6 L !y^ +1 

6 L >0 



. ,a+4 _ , .a+4 

L\{i,j}+l Z jh Wj 



F 2g _ 3+2l (RHS of (80))= E E^AW}^)^ a + 1 ) !6 A{^} ! *L\fe} ^3*7 

fe L >0 

Then, 

[^ +1 ] j P 2ff _ 3+2 K^ of (80)) = (Z - l){r bL \) g b L \ 

[t b L L+1 ]F 2g ^ +2l {RHS of (80)) = E W 6 * + 

i<Kj<J 

Hence, we have 

{ T b L *)g=YZT[ Z> \ T bi+bi-in L \ {i , j} *g) g fc , & , 
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Induction on /, we get the X g integral, 

(2g-3 + l 

Now, let us calculate the next degree of r. By ao(A) = (— l) 9 X g Ag(— 1) showed in (48) and 
A^(1)AV(-1) = (-1)9, we have 

(81) 

[r l - l ]LHS = -J2 foAV ( -d^l + + E 

6 L >0 \ j=l 

6 L >0 i=l 1 6 L >0 



(82) 



V- / x - + (U - \b L \ {iJ} \ - a - 3)*^ i(*0) 

l<i<j<l a>0 1 3 

b L \{i,j}>0 

(U - l)tj + & ~ ~ a " 3)*° +1 fe)) . 



t% tj 



V V / TT m VfWf^ r/ J^-^^^a+l^-^-^^a+lfe) 

l<i<j<; a>0 r^ij * 3 

b L \{i,j}>0 

2^ 2^ ( r " T ^\{ l , J } A <?( 1 ) a H A ))9*bL\ { , j} ^A{*j}) r— r 



l<i<7<2 «>0 * l * J 

&L\{i,i}>0 

(83) [r'- 1 ]^ = 

(84) 

^ £ stable 

[r ,_1 ]r 3 = E E E (^i^V) fl l^a a 7i J A fl2 ) fl2 < +1 (t i )< +1 (t i )*g iN{ . } (* A{i} ) 

i=l ai>0 51+32=9 

a2>0 |X|U|J-|=L\{i} 
f>L\{i}^ 

Recall formula (48), ai(A) = X)m=i m ^g-mX g — (— 1) 9 A^ (— l)A 9 _i and Mumford's relation 



^(l)A^(-l) = (-1)9. We can write 



(85) A 9 V (l)«i(A)= E 

d=g-l 

where P<j(A) is some combinatoric of A-class with degree d. For example 

(86) P fl _!(A) = \ 9 -i,P g (\) = gX g ,P g+1 (X) = —XgXi, • • • ,P 35 - 3 (A) = (-l)» +1 A ff A fl _iA fl _ 2 
By the above calculation, substituting (85) to the identity (81) = (82) + (84), we have 
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Corollary 5.3. 

(87) 

E foA>*i ( -d^i + + E *t-fe)^ A{i} (*L\ {i} ) 

6i>0 \ j=l 

+ E^ A ^E(*'-^)|:^^)<\ W ^\»)+ £fo* E wv*^) 

fe L >0 i=l 4 b L >0 d=g-l 

= 2^ 2^ ^^{^^^^Afe}^^})! t^t^ 



fe£\{i, 3 }>0 

(U - l)tj + & ~ \ b L\{i,j}\ ~ a - 3)*° +1 (t,)) . 



t% tj 



+ 2^ 2_^ ( T »^\{i,i} A s)9 L 7~ ^ 

l<i<i<* a>0 r^ij 1 J 

b L \{ij}>0 

+ 2^ 2^ \ TaT ^\{i, J } 2^ p ^ A )/^f> A{l , J} (^\{i,i}) ^— ^ 

l<i<j<l a>0 d=g-l 1 3 

b L\{i,o}>0 
^ I stable 

+ oE E E < 

T a 1 Ti >I Xg 1 ) gi {T a2 Tbj Xg 2 ) g 2 ^ ai+1 

1=1 ai>0 91+92=9 

Q2>0 |X|U|J-|=L\{j} 
&£\{i}^° 

Since {rb L X g ) g = { 2g ^ +l ) c gi thus all the Hodge integral of type 

3g-3 

(88) (n L E p dW) a 

d=g-l 

can be calculated from formula (87) in corollary 4.3. 

5.4. Explicit expression for Hodge integral (Tb L X g Xi) g . Although corollary 4.3 says that 
all the Hodge integral (88) can be computed, it is not easy to write down their explicit formula. 
In this subsection, we will show how to obtain an explicit formula for {T 0L \ g Xi) g . 

Both sides of (87) belong to Q[tx,..,ti], We have known that {Tb L X g ) g = C 9 ~b~ 3+l ) c gi an d 
(Tb L \ g -i)g can also be calculated easily from a recursion formula showed in [23]. Thus, we have 

Theorem 5.4. If Y^i=x^i = ^g — 4 + I, there exists a constant C(g,l,bi, ..,6/) related to 
g, I, &i, .., bi, such that 



(89) ( TbL X g \ 1 ) g = j E (ni+bi-m^yXg^g +C(g,l,h,..bi) 



±<i<j<l J 



C(g,l,b\, --,bi) is a very complicated combinatoric constant which is given at Appendix B. 
Proof. Taking all the terms with degree 2g + 21 — 4 in formula (87). we have 
(90) F 2g+2l _ 4 (LHS of (87)) = -I E (n L \ g \i) g b L \t b L L+1 + G x (t 1: ..,*,) 



b L >0 
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(91) F 2g+2l ^(RHS of (87)) = - E E (t^^A^Ai), 



b L\{iJ}>0 



m=0 

where Gi{t\, ..,ti) = J2\d L \=2 g +2i-4 C i(9, l ,di, ..,di)t d L L G Q[ii, ..£/], d(g,l,di, ..,d{) is a combina- 
toric constant related to g,l,d±, ..,di. Thus, we have 

(92) £ to* Vi>*w4 £+1 = y E E K w M)j 

b L >0 1<«<J<« a>0 

b L \{i,j}>0 

• *JAft0 l (« + 1)! E tL$f } +1 tr 2 - m t? +1 + 

m=0 

where G(ii, ..,*,) = Z\d L \=2 g +2i-A C(g, I, h, .., fy)*£ £ = K G i(*i, ..t,) - G 2 (ti, ..,*,)) 
After taking the coefficients of (92), 

(93) (r bL A 9 Ai) g = y 2^ (U I +b J -irfe M{ij} AgAi)g — — + r~ 

Let C(<7, /, 61, .., 6;) = c (9,iM+i,--M+~t) ^ ^hus, the theorem is proved. □ 

We know that the initial value (T2 g -3\ g \i) g = ^ [g{2g — 3)b g + bib g -i] has been computed 
by Y. Li [15J. Therefore, from the recursion formula (62), we can compute out all the Hodge 
integral of type (n L X g Xi) g . 

6. Conclusion 

The original cut-and-join equation of Marino- Vafa formula is a complicated formula about the 
partition which can be changed to a polynomial identity with the help of the Laplace transform in 
this paper or the symmetrization method in [5J. This polynomial identity has some applications 
because it is manageable. We derived some corollaries about the Hodge integral identities. In 
fact, we have found an algorithm to calculate the Hodge integral appearing in Marino- Vafa 
formula. 

Stepl, expanding the r at some special point, and collect the corresponding level of r in 
theorem 1.1. 

Step2, taking certain degrees of i^, we will get the corresponding Hodge integral appearing 
in Marino- Vafa formula. 

In this paper, we only calculate four cases by using stepl and calculate out a new Hodge 
integral via Step2 from the result of last case after doing stepl. We have not considered other 
cases here, because the computation will be more complicated. We hope that this algorithm can 
be compiled to a computer program. 

We note that, the recursion formulas to calculate (ri, L \ g -i) g [23] and (Tb L X g Xi) g in theorem 
1.5 have the similar recursion structure. For a given g, Hodge integral with /-point will reduce 
to 1-point after only I times recursions. Thus, it is a very effective recursion relation. In fact, 
many Hodge integral recursions will have this type structure if they are calculated out by above 
algorithm. Thus it is interesting to consider the following combinatoric problem. 

Let Qi(bi) = Qi(b\, 62, .., bi) be a symmetric function on (61, 62, • h) 6 which is defined 

by the following recursion relation. 
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(94) ^ [ constant, b = 3g — 2 — k, 



For given g, k, 

Oi fbl = i 

0, others. 

(95) [ ^ Qi-iibi + bj -l,6 A{i)i} )A(&i) + ^(6i) Ei =1 6 i = 3^-3 + Z-fe, 

Qi{bh) = < i<j<i<« 

I 0, others. 

Where v!/(&l) = -Ai(^i>->M anc ^ Bi(Pl) = B[{b\, ..,bi) are some fixed functions denned on 
(6i,62,. ;> 6|)6(Z+)'. 

It is interesting to study the properties of Qi{bi) defined above. We hope that this combina- 
toric structure of Hodge integral will be studied further in future. 

7. Appendix 

7.1. Appendix A. In this appendix, we will show how to derive our main result in theorem 
3.4 from the symmetrized cut-and-join equation of the Marino- Vafa formula [3]. 
when b > 0, Let 

,yr + 1 d , 6 /2/- ^ rk 



Then the symmetrized partition function of Marino- Vafa formula can be written as 

n n 

(96) W g , n (yi,..,y n ;r) = -(r(T + l)r- 1 £ (11^^^))^^^^) 



6i>0 i=l i=l 
i=l,..,n 



The main result of [I], i.e Theorem 3 in that paper, says 

Theorem 7.1. The symmetrized generating series W g n (yi> 2/n> T ) is a polynomial in the yi 
variables of total degree 6g — 6 + 3n and satisfies the symmetrized cut-and-join equation. 

i=l yf 



where 



Ti = symf x ( — — )£> Z Wg jn -i{yi,y 3 , -,yn]T) 



2/1 - 2/2 

n 

2 V 



1 

T 2 = - ^ ^y^L+l ^-l^+lCZ/l, ••, ^ri+i; T)|y, 1+1 =y ; 
1=1 



2 

91+92=9 
il+ri2=n+l 
2gi-2+m>0 
2 92 -2+n 2 >0 

M^e need to explain the notations appear in above theorem. Where D T y = (y 2 — 2/)(^~f For 
hj > 0, i + j <n, let symf ■ be the mapping, applied to a series in x\, ..,x n , given by 



syniijf{xx,..,x n )= ^2 /( X K- X 5> x r) 
n,s,r 
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where the sum is over all ordered partitions (1Z,S,T) of {1, 2, .., n}, 1Z = {x ri , .., x Ti }, S = 
{x Sl , .., x S j} , T = \Xt 1 , .., Xt n _ i _j } and (x^, x,5, X7-) = (x ri , .., x ri , x Sl , .., x Sj . , Xt 1 , .., Xt n _ i _j ), 
where r\ < ■ ■ ■ < T{, s\ < ■ ■ ■ < Sj, and t± < ■ ■ ■ < t n ^i~j. 

Then, by equation (96), we have 



(n n , \ n 

(n - l)(2r + l)(Q^r 3 (T)> 9 + (r 2 + r){J\r bi -T g {r)) g \\^ b ^r) 

i=i i=i / i=i 

i=l,..,n 

n n n -. n 

_ (r 2 + rr i £ <n^r 9 (r)> fl ^(^( W ;r) + -^* 6l+1 ( W ;r))n^(y Jfc ;^ 

6,>0 i=l 1=1 yi k=l 

i=l,2,..,n k^l 



n-2 



l<j<j<n a>0 fc=l k=l 
b k >0 k^i,j k^i,j 

k¥=i,j 

(Vj ~ l)(ViT + Vi)^a+i{yi] t) - (yi - l)(y]r + yj )^ a+1 ( yj ; r) 

X 

Vi ~ Vj 

^ n n n 

T 2 = ~{t 2 + t)™E E < r «i T «2 ]Jn k ^g^i(T))g-i^a 1+ i(yur)^ a2+1 (yf,T)ll^ bk (y k -,T) 

i=l ai>0 fc=l fc=l 

<i2 >0 fc^i fc^i 

/ 2 1 \n— 1 n 

^3 = - (r+ 2 T) E E E <^IK r ^)> 91 

j=l ai>0 91+92=3 feel 

Q2>0 ZTJ l 7={l,.,i,.n} 
b k >0,k^i 2 gi-l+|X|>0 

2g 2 -l+\J\>0 

n 

x (7"a 2 JJ T bk T g2 {T)) g2 ^ ai {yi]T)^ a2 {yi]T) YI ^bMi T ) 

kej k=l 

k^i 

Then, by theorem 5.1, we arrive our main results in section 3, i.e. theorem 3.4. 

7.2. Appendix B. In this appendix, we will calculate the constant C(g,l,bi, • -,&/) which ap- 
pears in theorem 1.5. The computation is verbose and boring. 
Let us write the formula (77) of Corollary 5.3 as 

L 7 +L +L +L +L +L +L 

= R\ + R2 + R3 + R4 + R5 + -^6 + R7 + ^8 + R9 + Rio + R11 + -R12 + R13 + Rl4 + Rl5 + Rl6 
where 

Li= E<^W(s-N-i)<(tL) 

6i>0 

b L >0 j=l 
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6 L >0 j=l 3 

I Q 

f> L >0 i=l J 

l 5 = - E(^Viy*K^) 

b L >0 
b L >0 

3g-3 

L 7 = E E ^(a)) s /<(*l) 

b L >0 d=g+2 



Rl = 1^ 2^ \ T ^L\ {l ^ X 9)g^b LX{Xi]} {tL\{i,j}) j—j. 

±<i<j<l a>0 * 3 

b L\{i,j}>0 

^2-2^ 2^ ^ Tar ^\o, J } A s)9n L \ {l , j} ( t A{ij}) T~~T- 



l<i<j<l a>0 3 



b L\{i,j}>° 



R 3= E E ( T ^L\ { ij } X 9)9^b L \ {i}j} (tL\{i,j}) _ 

l<i<j<l a>0 * 3 

b L \{i,j}>0 



R ±= E E ^ Tar ^\o J } A s)s^°L\ {l , J } (t A{i,i}) 



b L \{i,j}>0 



i — tj 



&L\{i,j}>0 



E E ^A {l , j} A 9)^° iX{lj} (*L\{M})(l 6 A{M}l +o + 3)- 



£7; 

&L\{i,j}>0 



l<«<i<' a>0 1 3 



2^ 2^ ™L\ {l ,;,} A 9>3 2^ *6r(*'-)*6i i \ {i j,r}( t A{<J.r}) 

l<i<j<l a>0 r€L\{i,j} % 3 



b L \{i,j}>0 

E E <™w*>* E ^t(^X u , 3 , } (^,,>) "^° +l( y^ 

l<i<j</ a>0 r£L\{i,j} * J 

&L\{i, 3 }>0 
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R 9-~ 2^ 2_, ^ Tb L\^ } X 9-l>9^b LX{ ^ } (tL\{i,j}) 7— 7: 

l<i<j<l a>0 1 3 

b L \{i,j}>0 

n /_ _ x v ^0 (f , -^° a+l (U)+t^° a+1 (t 3 ) 



l<i<j<l a>0 

b L \{i,j}>0 



R n- 2^ 2_, \ TaT bL\ { r, ]} \)99^b LX{ ^ } {tL\{i,j}) 7— ^ 

l<«<j<« ">0 * J 

6z,\{i,j}>0 

«i2-2^ 2^ \ r « T ^\{i J } A s)^*6 i \ {i ,,}^\{ij}) 



l<i<j<l a>0 

b L \{i,j}>0 



R 13-~ 2^ 1^ WbL^ijyWVgVb^yitL^j}) — J. 

l<«<i<i a>0 1 3 

b L\{i,j}>° 

R - V V <rr AA\tpO (/ ^^ifo) + 

^14-" 2> 2^ \ r « T ^\{i J } A s Al /s*6 i \ {i ,,}^A{iJ}) 



l<i<j<l a>0 

b L \{i,j}>0 



^15-2^ 2^ \ r « r ^\{ij} 2^ ^ a ^V x{! , j} ^A{m}) r— r 



3g-3 

P,i(\) A'': (/,., ~ ( 

l<«<i<i «>0 (2=9+2 1 * J 



b L\{i,j}>0 



stable 



R ^ = \Y. E E (^ 1 r 6l A fll ) ffl (r a2 r^A fl2 ) ff2 *° 1+1 (t J )*° 2+1 (i j )^ iX{ . } (t A{j} ) 

j=l ai>0 91+32=9 
a 2 >0 XU.7=L\{i} 
&z,\{j}>0 

Then, 
(98) 

F 2g+ 2i^{L 1 ) = (n L \ 9 ) 9 l(2 -ff-I)E Z°(&i, 6 i)# V^AO}. 6 AO'} + ^AO? +1 

|bi|=2 ff -3+/ j=l 

(99) f 29+21 _ a {l 2 ) = Yl E/ 1 ^' 6 ^ 1 )^ 1 E z°(&kA)# 

|b£|=2 9 -3+z \i=i fee At?} 

/>AO*}' &AO*} + ^AO^ + E Z 1 ^". ^)^/°( 6 AO}^AO'} + +1 

j'=i 

+ E Z 1 ^ &i + 2)^ +2 E Z°(fc*. h - l)*- 1 / ^-,*}, + l)*L\Wi} +1 
i=i fceAO'} 
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3=1 kieL\{j} k 2 eL\{jM} 

f{bL\{jMM}i h L\{3Mte} + 1 ) t L\{j,fci,S + ) 

(100) 

F 2g+ 2i-4(L 3 ) = E <^MX>AM^ +1 E f°( b *,h)t b k k 

\b L \=2g-3+l \j=l keL\{j} 



j=l keL\{j} 

+j2(b j + i)f°(b j ,b j + i)% +2 e fihMt 1 E /°(^ 2 '^)4 2 

/"(^AWiW'^WW + 1 )*L\Ufci,'S + ) 

(101) F 2g+2l _ A (U) = - E < r ^ A ^ (E^%A^V>l\^ 

|&r,|=2 S -3+i \j=l 

+ X> + 1)/%, &; + E b k )t b k *f(b L \ {m , b L \ {m + l)t^} +1 

i=i keL\{j} 

(102) 

F 2g+2l ^(L 5 ) = - E ( T b L \-l)gl I E A 6 * b i " i)^'" 1 / ^}' b AW + ^AW ^ 
\b L \=2g-2+l \j=l 

+ E AM;)# E A 6 *' 6fc)*/ (6L\ {j>fc }, 6^-,*} + ^A&f 1 
(103) i^ +2 *-4(£ 6 ) = - E (^Viy/°(6i.6i + 1 )*L +J 

\b L \=2g-4+l 



(104) F 2g+2l ^(L 7 ) = 

(105) 



F 2g+ 2l-4(Rl) = E E ^T bLWJ} Xg)g (f (b L \ { i, j} MHJ} + ' 



l<i<j<l a+\b L \ {iij} \=2g+l-4 
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f\ a + i >a + i)Y,ti +1 q +1 - k + E Air.M^^w.r},^} + 

fc>0 reL\{i,j} 

f\a + 1, a + 2) £ tJ+V 2 "* + E A&n ^ " l^W}.^.} + 

fc>0 reL\{ij} 
a+2 

/ l (a+1)0 + 3) J- t *+l i a+3-fc + £ fibrMfc E f(br 2 ,b r2 )tr? 
k>0 ri eLeL\{i,j} r. 2 eL\{i,j, ri } 

ffawwyMiij,™} + ^{iS^r 1 / 1 ^ + 1, « + 3) E ^ +1 tf 3 - fe 

fc>0 



(106) 

^ +2 /-4(« 2 ) = - E E fo^™ (f°(b L \ {iJ} ,b L \ {i , j} + i)4^;}f 1 

1< j<j<i a+|6 A{i J} |=2g+i-4 
a+2 

/ x (a + 1, a + 2) £ t*t«+ 2 -* + £ /°(ftr, 6r)t^/°(6 A{ i r} + l)<ut 

fe>0 reL\{i,j} 



/i(a + l,a + 3) 



a+3 

a+3— k 

k>0 



(107) 

^2g+2/-4(«3) = Yl ( T ML\{ij} X g)g(f( b L\{ij},h\{ij} + l)^ 

l<i<j<l a+\b L \ {i!j} \=2g+l-4 

f(a + 1, a) £ 1?+ V 1 "* + E A&n ^Nyrf.^W.r} + 1)^? ' 

fc>0 rei\{i,j} 
o+l 

/°(a + 1, a + 1) £ t* + H« +2 - k + A&r, b r - A&L\{0>> A\{ W ,r> + + ' 

fc>0 r£L\{i,i} 
a+2 

/°(a + l,a + 2)^t i fc+1 tf 3 - fc + ^ fibrMfc E f(br 2 ,b r2 )tr? 
k>0 ri eL<EL\{i,j} r 2 eL\{i,j, ri } 

a+2 

frAw.n.r,} + i )^;t7;; 2 } }+1 /°(« + 1, « + 2) e ^ 



j.a+3— fe 

fc>0 



(108) 

^2 ff +2*-4(#4) = - Yl ( T * T bL\ {i j } X 9) 9 (f\b L \ {iJ} ,b L \ {id} + l)t b ^ 



l<i<j<l a+\b LWJ} \=2g+l-4 
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a+2 



f(a + 1, a + 1) £ t*tf 2 " fc + £ /°(6r, 6r)^/°(t A {«,r}. ^\{«,r} + V^f' 
fc>0 reL\{ij} 



a+3 

/°(a + l,a + 2)^^f 3 - fe 

fc>0 

(109) 

F 2g+2 i-4(R 5 ) = - E E <^\W> A ^ ((2 5 + / - l)/°(6 A{ y}, + ^ug} + ' 

l<i<?</ a+|fe iX{ljj} |=2g+/-4 

/°(a + 1, a + 1) £ + (2 5 + Z - 1) £ /°(6 r , 6 r )^/ (6 A{w>r} , + l)t^f ' 

fc>0 rGL\{i-i} 



/ (a + l,a + 2)^^ +1 t 



a+l 

a+2-fc 

fc>0 



(110) 

F 2g+2l - 4 (Re) = E E K W) U (( 2 5 + * - l)/°(6L\ { y}, + + ' 



/°(a + l,a + 2)^^ 



l<i<j<U+|b iX{ij} |=2g+i-4 
a+2 

a+2-fc 



fc>0 
(111) 

F 2g+2l ^{R 7 ) = £ ^ (raT 6iX{ii . } A g )J ^ / 1 (&r,6r + 2)^+ 2 

1< j<j<Z a +|b iX{ij} |=2g+/-4 \r&L\{i,j} 

A&L\{y,r}, b L \ {i j, r y + l)^; } }+1 /°(a + 1, «) £ + E + ^ 

k>0 reL\{i,j} 

a+l 

E /°(&.> *" " l)*- 1 / ^^,.}, &L\ { y,r,} + l)^;; s s } }+1 /°(a + 1, a + 2) E t^Hf^ 

s£L\{i,j,r} k>0 

+ E f 1 ( b r^r + 2)t b /+ 2 E f°(b si ,b si )t b s ? E /°(^ 2 ,6s 2 )& 2 

reL\{i,j} S!eL\{i,j,r} s 2 eL\{iJ,ri,si} 

a+l 

f(b L ^ slM , b L ^ SUS2} + l)^^-; +1 /°(a + 1, a + 2) E It 1 *? 2 -" + E Z 1 ^. ^ 

k>0 reL\{i,j} 

a+l 

/^6 LU ^ } ,6 M{iJ , r} + l)<^ E f\b ri ,b ri + l)t b r 

k>o neL\{i,j} 

E /°(^ 2 , b r2 )ti7f(b L \ {id , rur2} , b L \ {iJtn>n} + i)t^™ } }+1 /v +1^+2) 

r2eL\{i,j,n} 



A1+ 1 
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a+1 

E fW - * + E /'(ir, &T + l)^ +1 /°(6L\ { iJ,r}, 6L\ { y,r} + V(« + 1, » + 1) 

fc>o »"e{j,i} 

a 

£f*+l^+l-k + £ / 1 (6 ri ,6 ri+ 2)^ 1+2 ^ f°(b r2 ,b r2 )t b r? 
k>0 ri eL\{i,j} r 2 eL\{i,j,n} 



/ ( b L\{wi,r 2 }^L\{i,j,n,r 2 } + 1 ) *i\\V,i,ri,r2 } +1 /° ( a + a + X ) E 

k>0 



b r + l 

r 



(112) 

F 2g+ 2l-A(Rs) = - E E (Tan LWtj} \ 9 )J E f\brM + 2)^ +2 

l<i<j<l a+\b L \ {lij} \=2g+l-4 \reL\{i,j} 

a+1 

f\b L \ { ^ r} ,b L \ {l ^ r} + l)t^;^ + V°(a + 1, a + 1) £ #f 1_ * + E Z 1 ^' 6r + 

fe>0 reL\{ij} 
a+2 

/°(ftL\{y, r}. &L\{U,r} + ittfA" + 1, a + 2) £ #f *"* + E ^ ^ + 2 )^ +2 

fc>0 reL\{i,j} 

a+2 

E M# A&L\ { y,,.}, b L ^ r>s} + l)t^$£ > +1 /°(a + 1, a + 2) £ ^ ; ' 

seL\{i,j,r} fc>0 

(113) 

i ? 2 9 +2/-4(«9) = - E E ( TaT6 i\{^} A 9-l)fl (/°( & L\{iJ}>&A{iJ} + 

l<i<J<Ja+|&i\{ij}|=2g+J-3 

/°(a + 1, a) E *? +1 *r * + E A 6 " br)t b /f(b L \ { ^ r} , b L \ {iJ , r} + 1)^;> +1 



k>0 r£L\{i,j} 



a 



f°(a + 1, a + 1) Y, t1 +1 t^- k + £ /°(6 r , b r - l)*^ 1 A&£\{0>> A\{ W ,r> + l)^;r :i 

fc>0 reL\{i,j} 
a+1 _ 

/°(a + l,a + 2)^t l fc+1 tf 2 - fc + Yl fibrMtr? E />r 2 A 2 )4 

k>0 ri eL<EL\{i,j} r 2 £L\{i,j, ri } 

a+1 

frAw.n.r,} + i )^;t7;; 2 } }+1 /°(« + 1, « + 2) e r \ q 



,br 2 



.a+2-fe 

fc>0 



(114) 



^2g+2/-4(^10) - E E ( T a T bL\{r,j} X g-l)9 {f°( b L\{i,j},b L \ {i j } + l)* L \{iJ} 

l<i<J<U+|fe L \ {ii3} |=2g+;-3 
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a+1 



f(a + 1, a + 1) £ tjtf 1 -* + £ /°(6r, &r)£/°(& A {U,r}. 6 AW,r} + l)^;}^ 
fe>0 reL\{ij} 



a+2 

/°(o + l,a + 2)2^ 2 -* 

fc>0 

(115) 

i ? 2 fl +2i-4(i2ll) = ^ X] < r a T &A{i j} A 3>^(/>A{iJ}'^ 

l<i<j<l a+\b L \ {iJ} \=2g+l-4 

f(a + 1, a + 1) £ tf+V 1 "* + £ A&n + 1)^ £f ' 

fe>0 reL\{ij} 



/°(a + l,a + 2) 



o+l 

a+2-fc 
J 

fe>0 



(116) 

-? ? 2g+2«-4(^12) = - ( T ^ T b L \ {i j } ^g) 9 g (f°(h\{ij}, b L\{i,j} + ^utj}^ 



l<i<j<l a+\b L \ {i:j} \=2g+l-A 
a+2 

a+2-k 



f (a + l,a + 2)^t 
(117) 

l<i<j<Z a+\b L \ {iJ} \=2g+l-5 
a+1 

.a+2-fc 



/°(a + l,a + 2)^ +1 ^ 

fe>0 

(118) F 2g+2l _ 4 {R 14 ) = F 2g+2l _ 4 {R 15 ) = 



^ i stable 

(119) i ? 2g+2/-4(-Rl6) = ^ £ £ £ ( T aiTb x >yg 1 }g 1 (Ta 2 TbjXg. 2 }g 2 

j=l 91+32=9 01 + 16x1=251-2+1X1 
XUj=L\{i} a 2 + |6j|=2 92 -2+|J| 

/V + 1,«! + 2)/°(a 2 + l,o 2 + 2)^ +a2+ V> AW A\ W + 

(120) 

[^ + 1 ]F2 g +2/-4(^l) = Q^+l^jW " 5 " 0/°(6j + 1, ^ + l)/°(&A{i}> b A{i} + !) 
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(121) 

l 

[t b L L+1 ]F 2g+2l _ 4 (L 2 ) = J2 E (n j n k+ ir bL , { . k} \ g ) g lf\b j , b 3 + l)f(b k + l,b k + 1) 
j=i keL\{j} 
i 

f(b L \{j,k}> b L\{j,k} + 1) + EK+i^ao'}^^/ 1 ^ - !. b j + !)/>A0}' 6 A0> + 1) 

i=i 

+ E E K-i^+2^ X{ ,, fc} A g ) g Z/ 1 (6 j - 1, 6j + l)/°(6 fc + 2, 6 fc + 1)/°(6 A{J - fc} , 6 AU fe} + 1) 
j= i keL\{j} 
i 

+ E E E K-i\+i\+i\\(Mi,^) A ^^ 1 ( l 'i " + ^ 
j=i fciei\{i}feei\ttfci} 

/°(6 fcl + 1, 6 fcl + + 1, & fe2 + l)/ (6L\o-,fc 1)fe2 }, b Ak\*i,fe} + X ) 

(122) 

z 

[^ +1 ] J F 25+ 2^4(L 3 ) = E E (^^ + ir feAO . fc} A 9 ) 9 6,/ (6„6,)/°(^ + l,6 fc + 1) 
j=i keL\{j} 
i 

f (b L \{j,k}i b L\{j,k} + 1) + ^K+i^^)^/ ^ + ^ b j)f°( b L\{j},b L \{j} + 1) 
z 

+ E E (n j -in k+ 2n LX{ . k} \ 9 ) g b j f(b j - l, b 3 )f{b k + 2,b k + i)f{b LX{m ,b L \ {m + l) 

j=i fee AO} 

+ E E E (n j -in kl +ir bk2 +iT bLy{jMM} x g ) g b j f\b j -i,b j ) 

j=lfc 1 6L\{j}fc 2 eL\{j,fc 1 } 

/°(6 fcl + l,6 fcl + l)/°(6 fe2 + l,6 fc2 + l)/°(6 A{jjfel)fc2} ,6 A{j - fel)fc2} + 1) 
(123) 

z 

[t b L L+1 ]F 2g+2l ^(u) = - Y,(n j+ M LS{i} * g ) g {b j + i)f°(b 3 + 1, b 3 + i)f°(b L \ {j} , b Lm + 1) 

i=i 

l 

-EE (^^+ir 6iU ,, fc} A s ) g (6 j + l)/°(6„ b 3 + l)f(b k + l,b k + l)f°(b L \ {m ,b L \ {m + 1) 
j=i fc £ L\{i} 

(124) 

l 

[t b L L+1 ]F 2g+2l _ A {L b ) = -Y,(n j+ 2n LX{jy X g -i) g lf(b j + 2,b j + l)f(b L \ {j} ,b L \ {jy + 1) 

3=1 

I 

"EE ( T b j+ in k+ iT hLK{jM \ g -i) g lf{b3 + 1, 6, + l)/°(6 fc + 1, 6 fc + 1)/°(6 A{J - fc}) 6 A{3 - fc} + 1) 

3=1 keL\{j} 
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(125) [t b L L+L ]F 2g+2l _ 4 (L 6 ) = -(n L X g Xi)glf(b L ,b L + 1) 

on the right hand side, 

(126) 

[^ +1 ] J F 1 29+2i -4(^i) = (n i+bj n LX{i . } \ g ) g f(b L \ {iJ} ,b L \ {iij} + 1)/ 1 ^ + bj + 1 A + bj + 1) 
i<»<j<i 

+ E E ( T b l +b J -lT br +lTb L ^^ r} X g )gf 1 (b i + bj,bi + bj + l)/°(&L\{ij,r}.&L\{ij,r} + X ) 

l<i<i<«rGL\{i,j} 

/°(6 r + l,6 r + l)+ ^ (r6 1 + fcj -2T br+2 r 6A{ii3r} A s ) 9 / 1 (6 i + 6 J -l,6 i + 6 J + l)/ (6 r + 2,6 r + l) 

l<i<j<lr£L\{i,j} 

+ !)+ EE E fa 

i<i<i</ riei\{ij} r 2 eL\{i ,j, ri } 
f°{b ri + 1, b ri + l)/°(6 r2 + 1, b r2 + l)/°(6 A{ij - ri)ra} , 6L\{ij,r 1 ,r 2 } + l)/ 1 ^ + &j - 1, 6i + &j + 1) 

(127) 

[^ +1 ] J F 1 2 9+2i -4(^2) = - ( T h+b j n LX{i . } X g ) g f(b L \ {iJ} ,b L \ {iij} + l)/ 1 ^ + 6 j + 1, 6, + 6, + 2) 

l<i<j<l 

~ E E ( r &i+^-l r &r+l T & A{i ^ } A fl)sA^ + *A + 1 )/°( ft L\{M>}' b A{iJ>} + !) 
l<i<j<l reL\{i,j} 

f 1 (b t + b J + l,bi + bj + 3) 
(128) 

[^ +1 ]^2 9+ 2^4(^3) = £ to <+ 6,^ X{ij} A 3 ) fl /°(6L\ {iJ }, + + ^ + 1, h + bj) 

l<i<j<l 

+ E E ( T b l +b J ~n~b r +in L ^^ r} X g )gf°(b i + bj,bi + b j )f°(b L \ {id ^ } ,b L \ {iJtr} + l) 

l<i<j<l r&L\{i,j} 

/°(6 r + l,6 r + l)+ 2 E ^ + i^+2% i ,i, r) U/ (^ + 6j-lA + 6i)/°(6r + 2A + l) 

l<i<j<l reL\{i,j} 

f( b L\{iJ,r}^ L \{iJ,r} + 1 ) + EE E ( T ^+6 J -2^ 1 +l^ 2 +l^ iX{lJ , ri , r2} A 9 ) 9 

l<«<i<' rieL\{«j'} r 2 eL\{i ,j,ri} 

f(b ri + 1, 6 ri + l)/°(6 r2 + 1, b r2 + l)/ (6 L \ {iJ , n)r . 2} , &L\{iJ,n,r 2 } + l)/°(6i + 6j - 1, 6i + 6j) 

(129) 

[^ +1 ](F 29+2Z _ 4 (i? 4 ) + F 29+2i _ 4 (^ 5 )) = - ( T b i+bj n LWJ} X g ) g (2g + /) 

l<i<3<l 

A\{ij} + + bj + 1, &i + bj + 1) - ^ ^ (r^+b.-ir^+ir^^^ . r} A s ) 9 

l<i<j<l reL\{i,j} 

(2g + 0/°(&r + 1 A + l)/°(&L\{ij,r}, &A{<J» + i)/ ^ + b i A + bj + 1) 
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(130) [t b L L+1 ]F 2g+2l _ 4 (R 6 ) = £ (r bi+bj n LX{ . j} X g ) g (2g + I - l)f{b L \ {iJ} ,b L \ {iJ} + 1) 

l<i<j<l 

f0( b . + bj + ljb . + bj + 2) 

(131) 

[t b L +1 }F 2g+ 2l-4(R7) = Y Y {n t +b J +lTb r -m LW:jir} Xg}gf 1 {br ~ 1 , b r + 1)/° {b L \ {iJ>r} , b L \ { ij>} + 

l<i<j<lreL\{i,j} 

f{bi + bj + 2, bi + bj + l)+ Y Y Y (n l +b J -in r -iT bs+ 2T bLK{i ^ s) Xg)g 

l<i<j<l reL\{i,j} seL\{i,j,r} 

f\b r -l,b r + l)f°(b s + 2,b s + l)/°(6 A{i>J - r)i} , 6 A{ij - r , a} + l)f{bi + bj, bi + 6,- + 1) 

+ E E E E ( T b l +^-l r br-l r ^ 1 +l r ^ 2 +l^L X{lJ , r , Sl , S2} ^)s/ 1 ( & r - l,6r + 1) 

1<*<7<2 reL\{i,j} sieL\{ij',r} s 2 eL\(i J,r,si} 

/°(6 S1 + 1, b Sl + 1)/> S2 + 1, b S2 + l)f(b L \ {i ^ SuS2}l b L \ {i ^ SuS2} + l)f°(bi + 6j, h + 6, + 1) 

+ E Y ( T h+b,-lT br+ lTb L ^^ r} Xg}gf 1 (br + l,b r + 1)/° (&L\{jJ, r } , &L\{i,j,r} + 1) 

l<i<j<l reL\{i,j} 

f°(b i + b j ,b i + b j + l)+ Y Y Y (n l +b,-iTb r T b3+1 T bLX{i ^ rs} Xg) g f 1 (b r ,b r + l) 

l<i<j<l reL\{i,j} s£L\{ij,r} 

f°(b s + 1, b s + l)f(b L \ {i j^ s} ,b L \ {iJ ^ s} + l)f°(bi + 6j, b i + b j + l)+ Y £ (^^^u^, r} A 9 

l<i<j<lr£L\{i,j} 

f\b r , b r + l)/°(6 A{iJ , r} , b L \ {iJi r} + l)/°(6i + b, + 1,6, + 6, + 1) 

+ Y Y Y MviVi% J> , } W 1 (^-U + l)Ai. + l>i. + ^ 

l<i<j<l reL\{i,j} seL\{i,j,r} 
/°(&L\{iJ,r, S }^A{w, S } + + 6j + 1, + 6j + 1) 

(132) 

[^ +1 ]F 29+2 ,_ 4 (i? 8 ) = - £ Yl (n i +b j+ lT br -lT b ^ { .. r} X g ) g f 1 (b r -l,b r + l) 

l<i<j<lreL\{i,j} 

f{b L \{ij,r},b L \{ij,r} + ^)f(bi + bj + 2,b i + b j + 2)- Y Y ( T ^+b J n r n LW ^ r} X g }g 

l<i<j<l reL\{i,j} 

f\b r , b r + l)f(b L \ {itjtr} ,b L \ {i j tr} + l)/°(6i + 6,- + 1,6, + 6 j + 2) 

E E E (^^-iV% J , ri>} ^ s / 1 fr-U + l)/ (, (i. + M, + l) 

1<*<J<' reL\{iJ} seL\{i,j,r} 

f°(b L \ {hjtrtS} ,b L \ {i ^ s} + l)/ (6j + b 3 + l,bi + bj + 2) 
(133) 

[t b L L+1 ]F 2g+2l _ 4 (R 9 ) = - Y (n i+bj+ ir bLX{iJ} X g - 1 ) g f°(b L \ {iJ} ,b L \ {iij} + l)f(h + 6, +2,b t + b 3 + 1) 

i<«<i<* 
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~ X X ( T b ! +fc J T br+l T 6 L \ {l , ;) , r} A 9 -l) 9 / (6r + 1A + l)/°(&L\{i,j,r},&L\{ij,7-} + 1) 

reL\{i,j"} 

/°(6i + 6j + l,6i + 6j + l)- XXX (^+^-1^+1^+1^^^3-1)3 

rei\{ij} s£L\{j,j,r} 

f(b r + l,b r + l)f(b s + l,b a + Vfihw^rM'hw^s} + + 6j, &i + 6j + 1) 

- X X (' r f' I +6 J -l T f'r+2 r 6 M{l , 3 , r} A 3-l)9/ (^ + 2 A + l )f( h L\{i,j,r}ib L \ {itjtr} + 1) 
l<i<j<l reL\{i,j} 

fih + b^bi + bj + l) 

(134) 

[^ +1 ] J F 1 2 9+2 /-4(i?io) = X (WwViIjA^}. b L\{ij} + + 6j + 2, 6, + 6, + 2) 

i<«<i<' 

+ X X { T bi+bj T b r +in L ^ {ijr} \g-l)gf{b r + l,b r + l)/°(&L\{iJ, r } A\{j,j,r} + !) 
l<»<j<JreL\{ij} 

/°(6 i + 6 j + l,6 i + 6,+2) 
(135) 

[# +1 ]iVh2i-4(i?n) = X (^+^^ X{i ,, } A ff ) g5 /°(6 LUiJ} , 6 A{iJ} + l)/°(6i + 6 j + 1, b t + b 3 + 1) 

i<*<i<' 

+ X X { T bi+bj-in r +in L ^ { .^ r} \g) g gf{b r + lX + ^)f{b^^ 

l<i<j<l r£L\{i,j} 

fibi + bjA + bj + l) 
(136) 

[t b L L+1 ]F 2g+2l _ A {R 12 ) = - X fo+^uw} A fl)p5/°(ftA{iJ}' b A{iJ> + i)/ ^ + ^ + !. &i + 6j + 2) 

i<«<i<' 

(137) 

[t^+^+H-^ia) = - X (^+^-i^\ {i ,, } A ff A 1 ) ff /°(6 A{iJ} , 6 A{iJ} + + 6, + 6j + 1) 

i<«<j<£ 

j Z stable 

(138) [^ +1 ]F 2ff+2J _ 4 (i2i 6 ) = -X X X (^z^Ww^A^ 

j'=l ai+02=Z),— 3 gi+92=g 
XUj=L\{j} 

/°(oi + 1, oi + 2)/°(a 2 + l,a 2 + 2)/°(& A{j} , & Am + 1) 
Therefore, from the equation (97), we get the identity 

(139) (120) + (121) + (122) + (123) + (124) + (125) = (126) + (127) 

+ (128) + (129) + (130) + (131) + (132) + (133) + (134) + (135) + 136) + (137) + (138) 

We note that, three types of the Hodge integrals appear in identity (139), (Tb L X g ) g , {Tb L ^g-i)g 
and {n L \g\i)g. 
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By now, we have known the closed formula for A 9 -integral [13J and a recursion formula for 



A 5 _i-integral 

(140) f_ ^...rf l \ g = | , , |r„ 

J M g ,i 

where Yli=i b{ = 2g — 3 + l,bi, .., b\ > and c g is a constant that depends only on g. 



(141) (r h ---r bl X g ^} g = j (^rin r ^-i) 9 ^r + ^(ii,,y 

where C 9i?1 (&i, ..,6;) is a constant related to bi,..,bi and g, Z. 

On the other hand, the constants f°(b, k) and J 1 (6, /c) are available by their definition and the 
recursions (52), (53). For example, f°(b,b + l) = b\, / 1 (6,6 + 2) = (6 + l)!Ew F Thus ' solving 
the equation (139), we will get a formula for the computation of Hodge integral (r& L A 9 Ai) g . 

We observe that only the terms (125) and (137) contain the Hodge integral of type {Tf, L \ g \i) g . 
Moving and combining the corresponding terms, we have 

(142) (n L \ g \ 1 ) g = ~ ]T (r 6i+&J ._m £V{ij . } A g A!) g (&< + y ' + C(g, I, h, .., h) 
Where 

(143) C(g, I, h, .., bi) = r ((126) + (127) + (128) + (129) + (130) + (131) + (132) 

mi ,bi\ 

+(133) + (134) + (135) + (136) + (138) - (120) - (121) - (122) - (123) - (124)) 

Formula (143) contains many terms, we hope to make a computer program to calculate 
C(g,l,bi, ..,bi). 
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